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Abstract

This paper investigates the optimal reinsurance problem between one insurer and multiple

reinsurers, where each reinsurer prices the contract based on the first two moments of the ceded

loss, and the insurer aims to minimize a distortion risk measure. We provide a representative

reinsurer’s perspective to solve the problem; the representative reinsurer’s premium principle

admits an analytical form and possesses the properties of monotonicity and convexity. This

allows us to use a convex programming approach to numerically solve the main problem. If all

the reinsurers apply the same safety loading factor for the first moment of the ceded loss in their

premium principles, the representative reinsurer’s premium principle also relies only on the first

two moments of the ceded loss. This significantly reduces the complexity of the original problem,

allowing us to use a quadratic programming approach to find the solution.

Keywords: Optimal reinsurance, multiple reinsurers, distortion risk measure, moment-based

premium principle.
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1 Introduction

Reinsurance provides insurance companies with the means to mitigate catastrophic losses and en-

hance their underwriting capacities. A reinsurance contract consists of two key components - the

indemnity function I and the reinsurance premium π(I). The indemnity function determines the

reinsurance company’s payout when a loss occurs, while the reinsurance premium is the compen-

sation paid by the insurance company prior to the contract’s activation. The determination of the

optimal indemnity function is the primary focus of optimal reinsurance contracting problems, with

the premium being closely tied to it. The pioneering works of Borch (1960) and Arrow (1974)

applied the expected premium principle and verified the optimality of the excess-of-loss function

when the insurance buyer aims to either minimize the variance of the retained loss or maximize

the expected utility of her end-of-period wealth. Since then, numerous developments have been ob-

served during the past few decades, which extend the classical results along a variety of directions.

To name but a few, Bernard et al. (2015) extended the Arrow’s model within the rank-dependent

utility (RDU) framework and found that the insurer demands not only insurance for the losses

exceeding certain deductible level but also full insurance against small losses. Xu et al. (2019) com-

plemented the study of Bernard et al. (2015) by imposing exogenously the incentive compatibility

condition on indemnity functions, which mitigates the potential ex post moral hazard issue. Chi

and Wei (2020) extended Arrow’s model by including a dependent background risk and derived

some qualitative properties for the optimal contract. Cao et al. (2024) considered a general convex

premium principle and proposed an efficient algorithm to compute the optimal indemnity function

under the exponential utility function.

It is well known that the premium principle is one of the key elements that affect the optimal

reinsurance contract. In most literature, the optimal reinsurance problems are studied under specific

premium principles. To name but a few, Young (1999) and Cheung (2010) studied the optimal

reinsurance problems under the Wang’s premium principle within the expected utility maximization

and Value-at-Risk (VaR) and Tail Value-at-Risk (TVaR) minimization frameworks respectively.

By investigating as many as seventeen premium principles, Tan et al. (2009) studied the optimal

parameters in the excess-of-loss and quota-share functions under the VaR and TVaR preferences.

Instead of applying specific premium principles, Chi (2012) proposed the use of a class of premium

principles, where only partial properties (e.g., law invariance, risk loading and preserving convex

order) of the premium principles are known, in the study of optimal reinsurance problems. In

many recent papers on Bowley reinsurance (e.g., Boonen and Zhang, 2022; Boonen and Ghossoub,

2023), the economic premium principle is applied, where a pricing kernel needs to be selected by

the reinsurer in response to the contract selected by the insurer. For more premium principles, as

well as their applications in the optimal reinsurance contracting, we refer the interested readers to

Young (2014) and Cai and Chi (2020).

In this paper we consider a moment-based premium principle, where different safety loading

factors are applied to different moments of the ceded loss. The moment-based premium principle

2



is a natural extension of the premium principles built on the first-order moment of the ceded loss,

such as the actuarial-value premium principle (Golubin, 2006), which includes the commonly used

expected value premium principle as a special case. Moreover, the moment-based premium principle

is gaining popularity in the recent studies on dynamic optimal (re)insurance models, such as Lin

et al. (2023); Cao et al. (2023a,b). The moment-based premium principle satisfies all the properties

listed in Chi (2012), including being law invariant, having risk loading, and preserving the convex

order. Unlike the classical mean-variance premium principle, the moment-based premium principle,

as will be seen later, preserves the increasing convex order.

A prevailing setting in the realm of optimal reinsurance contracting is that the insurer is doing

business with only one reinsurer. In practice, the difference in the pricing strategies of reinsurers,

which may partially attribute to the heterogeneity of the beliefs regarding the loss distribution or

the preferences and the competition in the market, gives the insurer options to do business simulta-

neously with more than one reinsurer. Chi and Meng (2014) studied the optimal reinsurance that

minimizes the insurer’s total risk exposure under VaR or TVaR in the presence of two reinsurers in

the market. An extensive generalization work was done by Boonen and Ghossoub (2021), where the

optimal reinsurance contracts get fully characterized by considering multiple reinsurers, distortion

risk measures, premium budgets, and heterogeneous beliefs. We refer the readers to, for instance,

Malamud et al. (2016) and Zhu et al. (2023) for more recent advances in optimal reinsurance with

multiple reinsurers under either the expected utility setting or the game-theoretic setting. A perti-

nent problem is the optimal reinsurance problem with one reinsurer and multiple insurers, see, e.g.,

Bernard et al. (2020) for recent advancements.

A common way to tackle the optimal reinsurance problem with multiple reinsurers is by char-

acterizing a representative reinsurer. This representative reinsurer represents all reinsurers jointly,

and uses a premium principle that the insurer uses to determine the optimal aggregate indemnity.

The aggregate indemnity is further allocated to the individual reinsurers, each using their original

premium principles. This allows us to solve the optimal reinsurance problem in two stages: the

insurer first selects an aggregate indemnity and corresponding aggregate premium, and then the

aggregate reinsurance contract is further allocated to the individual reinsurers. In this way, the

original problem can be reduced to the problem between one insurer and one reinsurer. Once the

optimal contract with the representative reinsurer is identified, distributing the indemnities and

premiums among the individual reinsurers is another risk sharing problem. See, for example, Boo-

nen et al. (2016), and Boonen and Ghossoub (2019, 2021) for the introduction and application of

this method.

In comparison to the existing literature, our paper’s contribution is three-fold. Firstly, we de-

rive full analytical solutions for the optimal reinsurance problem with multiple reinsurers under the

moment-based premium principles. Secondly, we provide a representative reinsurer’s perspective,

and derive the closed form of the representative reinsurer’s premium principle. We demonstrate the

monotonicity and convexity properties for this premium principle. Under certain circumstances,
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the representative reinsurer’s premium principle is shown to be explicit, and also moment-based.

Lastly, efficient numerical approaches, like convex programming and quadratic programming, are

applied to solve the optimal reinsurance problem. This paper contributes to the thin literature on

computational (re)insurance contracting, in which the optimal contracts are approximated numeri-

cally when the closed-form solutions are not easily derivable. While the closed-form solutions are of

the main interest in most literature, where the roles played by different economic factors are more

straightforwardly observable, there is a growing trend of using numerical methods to tackle the op-

timal (re)insurance problems in the recent literature. The representative works on this track are, to

name but a few, Asimit et al. (2017, 2018), which studied the optimal insurance/risk sharing prob-

lems in the presence of model uncertainty or other economic and solvency constraints. While our

primary focus is on second-order moment-based premium principles, the results can be seamlessly

extended to cases where higher-order moment-based premium principles are applied.

The remainder of this paper is structured as follows. Section 2 provides a quick review of

some preliminaries. Section 3 sets up the problem. Section 4 solves the main problem by novelly

combining the theoretical and numerical approaches, where the former simplifies the main problem

to a tractable form via employing the notion of representative reinsurer, and the latter provides an

efficient manner to solve the simplified problem. Section 5 studies in detail a special case where all

the safety loading factors for the first-order moment are equal. Section 6 studies a classical setting

with only expected value premium principles as a special case. Section 7 concludes the paper and

outlines potential avenues for future research.

2 Preliminaries for distortion risk measures

Throughout the paper, we use the notations (x)+ = max{x, 0}, x ∧ y = min{x, y} and x ∨ y =

max{x, y}. The indicator function 1A(x) = 1 if x ∈ A and 0 otherwise.

Distortion risk measures stem from the dual utility theory of Yaari (Yaari, 1987), and provide

ways to evaluate uncertain losses or gains under distorted probability measures. A distortion risk

measure of a bounded random variable Z on the probability space (Ω,F ,P) is given by:

ρg(Z) =

∫ ∞

0
g(P(Z > z))dz +

∫ 0

−∞
[g(P(Z > z))− 1]dz, (2.1)

where g is called the distortion function that is increasing on [0, 1] and satisfies g(0) = 0 and

g(1) = 1. In this paper, we only focus on the non-negative variables, which conventionally represent

losses in risk management and actuarial science. For this point, the distortion risk measures only

involve the first term of (2.1). Basically, distortion risk measures satisfy the following properties

(see Chapter 2 of Denuit et al. (2006)):

• Translation invariance: ρg(Z+c) = ρg(Z)+c for any constant c ∈ R and all random variables

Z.
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• Comonotonic additivity : ρg(Z1 + Z2) = ρg(Z1) + ρg(Z2) for any pair of comonotonic random

variables Z1 and Z2.
1

As will be shown in the next section, these two properties will play crucial roles in the subsequent

analysis.

If the distortion function g is concave, then the distortion risk measure ρg is coherent in the

sense of Artzner et al. (1999). To keep generality, we do not assume the concavity of the distortion

function g. Many well-known risk measures being used in the banking industry are special cases of

distortion risk measures, such as VaR and TVaR. In insurance industry, the proportional hazards

(PH) transform and Wang transform (Wang, 1995, 2000), which have been widely applied in risk-

adjusted ratemaking and pricing, are also within the family of distortion risk measures. We present

below the definitions of some of the above-mentioned risk measures, which will be used in the later

sections.

Definition 2.1. The VaR of a random variable Z at probability level α ∈ (0, 1) is given by

VaRα(Z) = F−1
Z (α).

The distortion function of VaR is given by gV (t) = 1t>1−α(t), t ∈ [0, 1].

Definition 2.2. The TVaR of a random variable Z at probability level α ∈ (0, 1) is given by

TVaRα(Z) =
1

1− α

∫ 1

α
VaRs(Z)ds.

The distortion function of TVaR is given by gT (t) = 1 ∧ t
1−α , t ∈ [0, 1].

Definition 2.3. Given some exogenous index r ∈ (0, 1], the non-negative random variable Y is

said to be the PH transform of a non-negative random variable Z if P(Y > z) =
(
P(Z > z)

)r
, and

the resulting expectation becomes E[Y ] =
∫∞
0 P(Y > z)dz =

∫∞
0

(
P(Z > z)

)r
dz. The distortion

function of PH transform is gPH(t) = tr, t ∈ [0, 1].

3 Insurer’s problem

We focus on a one-period economy where there are one insurer and n reinsurers in the market.

The set of reinsurers is indexed as {1, . . . , n}. The insurer is faced with a non-negative random

loss X, which is built on the probability space (Ω,F ,P) and can only be realized at the end of the

period. We assume that M := ess supX < ∞ and X admits a probability density function fX(x)

on (0,M ]. The cumulative distribution function and survival function of X are given by FX(x) and

SX(x) := 1− FX(x), respectively.

The insurer is now seeking a reinsurance contract (Ii, πi) from reinsurers, where Ii is known as

the indemnity function which maps the loss to indemnity and πi is the premium paid to reinsurer

1The random variables Z1 and Z2 are said to be comonotonic if and only if (Z1, Z2) =d (F−1
Z1

(U), F−1
Z2

(U)), where

=d stands for equality in distribution and F−1
Z (α) := inf{z : FZ(z) ≥ α} for α ∈ (0, 1).
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i ∈ {1, . . . , n}. To mitigate the potential ex post moral hazard issue (Huberman et al., 1983; Xu

et al., 2019), we restrict the indemnity function to the following class

I =
{
I : [0,M ] 7→ [0,M ]

∣∣ I(0) = 0, 0 ≤ I(x2)− I(x1) ≤ x2 − x1 for any 0 ≤ x1 ≤ x2
}
. (3.1)

It is noteworthy that if I ∈ I the retained loss borne by the insurer is increasing and continuous with

respect to the total loss, and the increment of payment does not exceed the increment of loss. These

would disincentivize the insurer from manipulating her loss. The class I is rich enough and includes

many commonly used indemnity functions, such as the excess-of-loss function I(x) = (x − d)+ for

some d ≥ 0, the quota-share function I(x) = c · x for some c ∈ [0, 1], the limited excess-of-loss

function I(x) = d2 ∧ (x − d1)+ for some d1, d2 ≥ 0 and so on. Furthermore, it is straightforward

that any I ∈ I is 1-Lipschitz continuous and admits the integral representation

I(x) =

∫ x

0
I ′(t)dt,

where I ′ is called the marginal indemnity function. I(·) and I ′(·) are mutually determined. Hence,

seeking the optimal indemnity function is equivalent to seeking its marginal indemnity function,

and vice versa.

We write
−→
I = (I1, I2, . . . , In) as the set of indemnity functions that the insurer purchases from

the reinsurers, and
−→
I ∈

−→
I , where

−→
I =

(I1, I2, . . . , In) : Ii ∈ I for all i ∈ {1, . . . , n} and
n∑

k=1

Ik ∈ I

 (3.2)

such that the ex post moral hazard issues can be minimized. We assume that the i-th reinsurer

adopts the second-moment premium principle

πi(Ii) = (1 + θi)E[Ii(X)] +
γi
2
E[Ii(X)2], (3.3)

where θi, γi ≥ 0 are the safety loading factors picked by the i-th reinsurer. Such premium principle

starts to enjoy its popularity in the study of dynamic optimal reinsurance (Lin et al., 2023; Cao

et al., 2023a,b). Also, they can be seen as special case of the premium principle given by E[hi(Ii(X))]

for a convex, increasing function hi with hi(0) = 0 that exceeds the identity function. This class is

studied by Ghossoub et al. (2023), and our focus is on the function hi(x) = ψi(x) := (1+θi)x+
γi
2 x

2.

The function ψi is an increasing convex function, and πi(Ii) = E[ψi(Ii(X))]. Thus, πi can preserve

the increasing convex (or stop-loss) order of Ii(X).2 Moreover, we note that πi(Ii) can also be

written as

πi(Ii) = ψi(E[Ii(X)]) +
γi
2
Var[Ii(X)],

which can be regarded as a transformed variance premium principle.3

2Given two indemnity functions Ii, Îi ∈ I, πi(Ii) ≤ πi(Îi) if Ii(X) ≤icx Îi(X) where ≤icx denotes the increasing

convex (or stop-loss) order. For more details, see Shaked and Shanthikumar (2007).
3Without the variance part, πi(Ii) = ψi(E[Ii(X)]) gives the premium based on the actuarial value of the indemnity,

where ϕi satisfies ϕi(0) = 0 and ϕ′
i(x) ≥ 1 for x ≥ 0. Such premium principle can be found in, for example, Golubin

(2006); Boonen and Jiang (2022).
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The premium principle in (3.3) clearly satisfies the following two properties (Ghossoub et al.,

2023):

• Monotonicity : If Ii(X) ≤ Îi(X) a.s., then πi(Ii) ≤ πi(Îi);

• Convexity: If Ii, Îi ∈ I and λ ∈ [0, 1], then πi(λIi + (1− λ)Îi) ≤ λπi(Ii) + (1− λ)πi(Îi).

With the reinsurance contract, the insurer’s end-of-period loss becomes X −
∑n

k=1 Ik(X) +∑n
k=1 πk(Ik). Throughout the paper, we assume that the insurer’s preference is dictated by the

distortion risk measure ρg.

Problem 1.

min−→
I ∈

−→
I
L(

−→
I ),

where L(
−→
I ) := ρg

(
X −

∑n
k=1 Ik(X) +

∑n
k=1 πk(Ik)

)
.

We next show the existence and uniqueness of the solution to Problem 1.

Theorem 3.1. There exists a solution to Problem 1. Furthermore, if γi > 0 for all i ∈ {1, . . . , n},
the solution to Problem 1 is unique in the sense that

−→
I1(X) =

−→
I2(X) P-a.s. if both

−→
I1 and

−→
I2 solve

Problem 1.

Proof. We write
−→
Ij = {Ijk)nk=1 for j ∈ Z+. For the set In := I × · · · × I, define the metric

D(
−→
I1 ,

−→
I2) = max

x∈[0,M ]
||
−→
I1(x)−

−→
I2(x)||1, (3.4)

where || · ||1 denotes the first-order norm. By the translation invariance and comonotonic additivity

of the distortion risk measure, we have

ρg

X −
n∑

k=1

Ik(X) +
n∑

k=1

πk(Ik)

 = ρg(X)− ρg

 n∑
k=1

Ik(X)

+
n∑

k=1

πk(Ik).

Note that

ess sup
∣∣∣ n∑
k=1

I1k(X)−
n∑

k=1

I2k(X)
∣∣∣ ≤ ess sup

n∑
k=1

|I1k(X)− I2k(X)|

= max
x∈[0,M ]

n∑
k=1

|I1k(x)− I2k(x)|

= max
x∈[0,M ]

||
−→
I1(x)−

−→
I2(x)||1 = D(

−→
I1 ,

−→
I2),

and Theorem 1 of Wang et al. (2020) shows the uniform sup-continuity of distortion riskmetrics,

which include distortion risk measures as special cases. Thus, ρg(
∑n

k=1 Ik(X)) is continuous in
−→
I under the metric (3.4). Since the expectation is a special distortion risk measure, it can be

proved similarly that
∑n

k=1 πk(Ik) is also continuous in
−→
I under the metric (3.4). This leads to the

continuity of L(
−→
I ) with respect to

−→
I . Thus, the minimum of L(

−→
I ) is attainable if the set

−→
I is

compact. The following results are direct based on the definition of I:
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(i). The functions in I are equicontinuous (due to their 1-Lipschitz continuity).

(ii). The functions in I are uniformly bounded (by M).

(iii). The 1-Lipschitz continuity is preserved under the uniform convergence.

Then, as per Arzelà-Ascoli Theorem, the set I is sequentially compact, or equivalently, compact.

By Tychonoff’s theorem, the product space In is compact. Since
−→
I is a closed subset of In, we get

the compactness of
−→
I . Hence, the the solution to Problem 1 exists.

If both
−→
I1 and

−→
I2 solve Problem 2 and

−→
I1(X) is not equal to

−→
I2(X) P-a.s., then let

−→
I3 =

λ
−→
I1 + (1− λ)

−→
I2 for arbitrary λ ∈ (0, 1). We obtain

L(
−→
I3) =ρg(X −

n∑
k=1

I3k(X) +

n∑
k=1

π(Ĩ3k))

=ρg(X)−
n∑

k=1

ρg(I3k(X)) +

n∑
k=1

(1 + θk)E[I3k(X)] +

n∑
k=1

γk
2
E[I3k(X)2]

=ρg(X)−
n∑

k=1

(
λρg(I1k(X)) + (1− λ)ρg(I2k(X)

)
+

n∑
k=1

(1 + θk)
(
λE[I1k(X)] + (1− λ)E[I2k(X)]

)
+

n∑
k=1

γk
2
E[(λI1k(X) + (1− λ)I2k(X))2]

≤ρg(X)−

λ n∑
k=1

ρg(I1k(X)) + (1− λ)
n∑

k=1

ρg(I2k(X)


+ λ

n∑
k=1

(1 + θk)E[I1k(X)] + (1− λ)
n∑

k=1

(1 + θk)E[I2k(X)]

+ λ
n∑

k=1

γk
2
E[I1k(X)2] + (1− λ)

n∑
k=1

γk
2
E[I2k(X)2]

=λL(
−→
I1) + (1− λ)L(

−→
I2),

where the equality is achieved only when
−→
I1(X) =

−→
I2(X) P-a.s.. This contradicts with that

−→
I1 and

−→
I2 solve Problem 2. Thus, the uniqueness of the solution is shown, which completes the proof.

We close this section by remarking on two aspects of Theorem 3.1.

(i). Theorem 3.1 uses essentially only the convexity, translation invariance and sup-continuity of

the distortion risk measure, as well as the convexity and sup-continuity of the second-order-

moment-based premium principle, to prove the existence and uniqueness of the solution to

our problem. The result still holds for the cases of which the risk measures and premium

principles possess the same properties.
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(ii). The optimal reinsurance contracting problem between one insurer and multiple reinsurers is

also studied by Boonen and Ghossoub (2021) under belief heterogeneity on loss distributions,

where distortion-risk-measure-based premium principles are applied. Based on their Theo-

rem 3.1, it generally cannot be guaranteed that the optimal way of sharing the risk among

the multiple agents is unique. Note that the expectation is a special case of the distortion

risk measure, and by Theorem 3.1 the uniqueness of the solution to our problem cannot be

guaranteed either if all the reinsurers price the contracts by using only the first moments of

indemnities. However, when all the reinsurers incorporate the second moments of indemnities

into the pricing, the solution becomes unique.

4 Representative reinsurer

This section will provide our main results, and characterize the representative reinsurer in our

general model setting. To do so, we first define

−→
I (I) :=

−→
I :

−→
I ∈

−→
I and

n∑
k=1

Ik(x) = I(x) for all x ∈ [0,M ]

 ,

for I ∈ I. By construction, it holds that
−→
I = {

−→
I (I) : I ∈ I}, and so Problem 1 is equivalent to

solving

min
I∈I

min−→
I ∈

−→
I (I)

L(
−→
I ).

Then, this can be further simplified to

min
I∈I

min−→
I ∈

−→
I (I)

L(
−→
I ) = min

I∈I

ρg
X − I(X) +

 min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik)





= min
I∈I

ρg(X − I(X)) +

 min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik)




= min
I∈I

ρg(X)− ρg(I(X)) +

 min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik)


 ,

where the first equality follows from monotonicity of ρg (see Boonen and Ghossoub, 2021), the second

equality follows from translation invariance of ρg, and the last equality follows from comonotonitic

additivity of ρg. To proceed, we first solve the inner minimization problem, which is

min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik(X)), (4.1)
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where I ∈ I. In the remaining of this section, we assume without loss of generality that

0 ≤ θ1 ≤ θ2 ≤ · · · ≤ θn. (4.2)

The next theorem presents the full analytical solution to Problem (4.1).

Theorem 4.1. If θi ≥ 0 and γi > 0 for all i ∈ {1, 2, . . . , n}, the optimal indemnity functions

(I∗1 , I
∗
2 , . . . , I

∗
n) that solve Problem (4.1) are given by

I∗i (x) =


λ(x)− (1 + θi)

γi
, if 1 + θi ≤ λ(x),

0, if 1 + θi > λ(x),

(4.3)

for any x ∈ [0,M ], where λ(x) solves the equation∑
{k: 1+θk≤λ(x)}

λ(x)− (1 + θk)

γk
= I(x). (4.4)

Proof. We define

I0(Ī) :=
{
I : [0,M ] 7→ [0,M ] | 0 ≤ I(x) ≤ Ī(x) for all x ∈ [0,M ]

}
.

Note that

n∑
k=1

πk(Ik) =

n∑
k=1

{
(1 + θk)E[Ik(X)] +

γk
2
E[Ik(X)2]

}

=

n∑
k=1

γk2 E

[(
Ik(X) +

1 + θk
γk

)2
]
− (1 + θk)

2

2γk


= E

 n∑
k=1

γk
2

(
Ik(X) +

1 + θk
2

)2
−

n∑
k=1

(1 + θk)
2

2γi
.

Instead of solving Problem (4.1) directly, we first consider at the following problem:

min
I1,...,In∈I0(I)

∫ M

0

 n∑
k=1

γi
2

(
Ik(x) +

1 + θk
γk

)2
 dFX(x)

s.t.
n∑

k=1

Ik(x) ≥ I(x) for all x ∈ [0,M ].

(4.5)

Since the objective function of (4.5) is increasing in I1, . . . , In, it is straightforward to see that

the optimal (I∗1 , . . . , I
∗
n) for (4.5) will always make the constraint binding. Similar to the proof of

Corollary 1 in Malamud et al. (2016), solving Problem (4.5) is equivalent to solving

min
I1,...,In∈I0

L(I1, . . . , In) :=

n∑
i=1

γi
2

(
Ii(x) +

1 + θi
γi

)2

− λ(x)

 n∑
i=1

Ii(x)− I(x)

 (4.6)
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for any fixed x ∈ [0,M ], where λ(x) ≥ 0 is the Lagrangian multiplier. The first-order condition
∂L
∂Ik

= 0 yields

γkIk(x) + (1 + θk) = λ(x),

and, thus,

I∗k(x) = 0 ∨
(
λ(x)− (1 + θk)

γk

)
. (4.7)

Here the Lagrangian multiplier λ(x) satisfies the equation

n∑
k=1

{
0 ∨

(
λ(x)− (1 + θk)

γk

)}
= I(x), (4.8)

which also implies that I∗k(x) ≤ I(x) for k = 1, 2, . . . , n. Under the assumption (4.2) and the

condition γi > 0 for all i ∈ {1, . . . , n}, if λ(x) ∈ [1 + θj , 1 + θj+1), (4.8) reduces to

j∑
k=1

λ(x)− (1 + θk)

γk
= I(x) =⇒ λ(x) = I(x)

 j∑
k=1

γ−1
k

−1

+

 j∑
k=1

1 + θk
γk

 j∑
k=1

γ−1
k

−1

,

from which one has

I∗k(x) =
λ(x)− (1 + θk)

γk
for k ≤ j and I∗k(x) = 0 for k > j. (4.9)

As such,

I∗k
′(x) =

γ−1
k∑j

s=1 γ
−1
s

∈ (0, 1) for k ≤ j and I∗k
′(x) = 0 for k > j,

which implies that the optimal indemnity functions characterized via (4.7) are within I and thus

also solve the problem (4.1). The proof is complete.

For x ∈ [0,M ] we define

H∗
k(x) = 1 + θk + γkI

∗
k(x) and K∗(x) = argmin

1≤k≤n
{H∗

k(x)}.

Then, (4.9) implies that if λ(x) ∈ [1 + θj , 1 + θj+1) we have

H∗
1 (x) = H∗

2 (x) = · · · = H∗
j (x) = λ(x) < min

k>j
{1 + θk} = min

k>j
{H∗

k(x)},

and

K∗(x) = {k : 1 + θk ≤ λ(x)} = {1, 2, . . . , j}.

The implication of Theorem 4.1 is as follows: under the second-order moment-based premium

principle, the safety loading factor for the first-order moment determines whether or not a reinsurer

participates into the risk sharing, while the loading factor for the second-order moment determines

the proportion of loss ought to be borne by the reinsurer.

11



Remark 4.1. Theorem 4.1 is closely related to the results in Borch (1962) (see also Section 8 of

Gerber and Pafumi, 1998), where the following utility-based Pareto-optimal risk exchange model is

studied:

max
X1,...,Xn,

∑n
k=1 Xk=X

n∑
k=1

E[uk(Wk −Xk)], (4.10)

where uk, Wk and Xk are the utility function, initial wealth, and allocated risk of the kth individual,

respectively. Under the quadratic utility function: ui(x) = x − bix
2 for x ≤ 1

2bi
and bi > 0,

Borch (1962) showed that the optimal allocated risk for the ith individual is of the simple form

X∗
i = ciX + di where ci ∈ [0, 1] and di ∈ R are interpreted as a proportionality factor and a side

payment, respectively.

Note that under the quadratic utility function the problem (4.10) reduces to

min
X1,...,Xn,

∑n
k=1 Xk=X


n∑

k=1

(1− 2bkWk)E[Xk] + bkE[X2
k ]

 , (4.11)

which is the same as the problem (4.1). Therefore, Theorem 4.1 gives the solution to (4.11) by

restricting di = 0 for i = 1, 2, . . . , n (or no side payments are allowed): X∗
i = I∗i (X), where

I∗i
′(x) =

b−1
i∑

k∈K∗(x) b
−1
k

if i ∈ K∗(x) and I∗i
′(x) = 0 otherwise.

Our model formulation bears some similarity with the sup-convolution problem studied by Acciaio

(2006) (see Section 4.1 therein) in optimal risk allocation:

sup
X1,...,Xn,

∑n
k=1 Xk=X

n∑
k=1

Vk(−Xk), (4.12)

where all the agents are endowed with monetary utility functionals Vi, i ∈ {1, . . . , n}.4 However,

the sup-convolution problem (4.12) differs from our problem in several ways. First, the exogenous

risk loadings θi in our optimal insurance setting lead to insurer-specific weights of the expectation,

and weights do not appear in (4.12). Second, second-moment-based premium principles are not

translation invariant unless θi = γi = 0. Third, comonotonicity is not a common assumption for

feasible risk allocations, whereas it is common for reinsurance contracts (Huberman et al., 1983; Xu

et al., 2019).

With the characterization of the optimal indemnity functions that solve Problem (4.1), we can

also derive the optimal value for the objective function in (4.1). The following notations will be

useful in stating the next result:

κ1(x) =
n−1∑
j=0


j+1∑
k=1

wk(j)(1 + θk)1[xj ,xj+1)(x)

 ,

κ2(x) =
n−1∑
j=0


j+1∑

k=1

γ−1
k

−1

1[xj ,xj+1)(x)

 ,

4A mapping Vi is called a monetary utility functional if it is translation invariant, concave and monotonic (Acciaio,

2006).
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where wk(j) =
γ−1
k∑j+1

s=1 γ
−1
s

, and

x0 = 0, xn =M,

xj = inf

x ∈ [0,M ] : I(x) ≥
j∑

i=1

θj+1 − θi
γi

 , for j = 1, 2, . . . , n− 1,

where inf ∅ is defined as the right-end point M by convention.

Theorem 4.2. Let γi > 0 for all i ∈ {1, 2, . . . , n}. The optimal value for the objective function in

Problem (4.1) is

π(I) = min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik(X)) =

∫ M

0

{
κ1(x) + κ2(x)I(x)

}
SX(x)dI(x). (4.13)

Moreover, it holds that K∗(z) = {1, . . . ,m}, where m ∈ {1, . . . , n} is such that z ∈ [xm−1, xm).

Proof. If x1 := inf
{
x ∈ [0,M ] : I(x) ≥ θ2−θ1

γ1

}
> 0, then we have

1 + θ1 + γ1I(x1) = 1 + θ2.

In other words, for x ∈ [0, x1)

H∗
1 (x) = 1 + θ1 + γ1I

∗
1 (x) < min{1 + θ2, . . . , 1 + θn} ≤ min{H∗

2 (x), . . . ,H
∗
n(x)}.

Therefore, K∗(x) = {1} for x ∈ [0, x1). Hence, by Theorem 4.1, I∗1 (x) = I(x) and I∗i (x) = 0 for

i ̸= 1 for x ∈ [0, x1).

Since H∗
1 (x1) = 1 + θ1 + γ1I

∗
1 (x1) = 1 + θ2 = H∗

2 (x1), by the proof of Theorem 4.1, we have

H∗
1 (x) = H∗

2 (x) for x ∈ [x1,M ]. If x2 > x1, then it holds that

θ3 − θ2
γ2

+
θ3 − θ1
γ1

>
θ2 − θ1
γ1

,

which is equivalent to θ3 > θ2. Then we have

H∗
1 (x1) = H∗

2 (x1) < min{1 + θ3, . . . , 1 + θn} ≤ min{H∗
3 (x1), . . . ,H

∗
n(x1)}.

By the continuity ofH∗
i (x), there exists some ϵ > 0 such thatH∗

1 (x) = H∗
2 (x) < min{H∗

3 (x), . . . ,H
∗
n(x)}

for x ∈ [x1, x1 + ϵ). As such, by Theorem 4.1, we have

I∗1
′(x) =

γ−1
1

γ−1
1 + γ−1

2

I ′(x) and I∗2
′(x) =

γ−1
2

γ−1
1 + γ−1

2

I ′(x)

for x ∈ [x1, x1 + ϵ). Note that

H∗
2 (x2) =1 + θ2 + γ2I

∗
2 (x2)

=1 + θ2 + γ2

(∫ x1

0
I∗2

′(x)dx+

∫ x2

x1

I∗2
′(x)dx

)
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=1 + θ2 + γ2 ·
γ−1
2

γ−1
1 + γ−1

2

(I(x2)− I(x1))

=1 + θ2 +
1

γ−1
1 + γ−1

2

(
θ3 − θ2
γ2

+
θ3 − θ1
γ1

− θ2 − θ1
γ1

)
=1 + θ3.

Hence, for x ∈ [x1, x2),

H∗
2 (x) = 1 + θ2 + γ2I

∗
2 (x) < 1 + θ3 ≤ min

{
H∗

3 (x), . . . ,H
∗
n(x)

}
.

This shows that K∗(x) = {1, 2} for x ∈ [x1, x2).

By mathematical induction, we can show that K∗(x) = {1, 2, . . . , j + 1} for x ∈ [xj , xj+1).

Furthermore, when x ∈ [xj , xj+1), we have H∗
k1
(x) = H∗

k2
(x) for k1, k2 ∈ K∗(x), which leads to

1 + θ1 + γ1I
∗
1 (x) = 1 + θk + γkI

∗
k(x)

=⇒ I∗k(x) =
θ1 − θk
γk

+
γ1
γk
I∗1 (x)

if k ∈ K∗(x). As such, when x ∈ [xj , xj+1) one has

∑
k∈K∗(x)

I∗k(x) = I(x) =⇒
j+1∑
k=2

θ1 − θk
γk

+

j+1∑
k=2

γ1
γk
I∗1 (x) + I∗1 (x) = I(x)

=⇒ I∗1 (x) =
I(x)

1 +
∑j+1

k=2 γ1γ
−1
k

+

∑j+1
k=2

θ1−θk
γk

1 +
∑j+1

k=2 γ1γ
−1
k

=⇒ 1 + θ1 + γ1I
∗
1 (x) =

I(x)∑j+1
k=1 γ

−1
k

+

∑j+1
k=1(1 + θk)γ

−1
k∑j+1

k=1 γ
−1
k

=⇒ H∗
1 (x) = κ1(x) + κ2(x)I(x).

Therefore,

π(I) =

∫ M

0

 n∑
k=1

H∗
k(x)I

∗
k
′(x)

SX(x)dx

=

∫ M

0

 ∑
k∈K∗(x)

H∗
k(x)I

∗
k
′(x)

 dx

=

∫ M

0
H∗

1 (x)
∑

k∈K∗(x)

I∗k
′(x)SX(x)dx

=

∫ M

0
H∗

1 (x)I
′(x)SX(x)dx

=

∫ M

0

{
(κ1(x) + κ2(x)I(x))I

′(x)
}
SX(x)dx.

This ends the proof.
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Remark 4.2. The two recent works on using the representative reinsurer method to tackle the opti-

mal reinsurance problem between one insurer and multiple reinsurers are Boonen et al. (2016) and

Boonen and Ghossoub (2019), where the distortion premium principles are applied by the reinsurers

for reinsurance pricing. In both articles, given the total ceded loss I(x) the rule of loss sharing

among the participating reinsurers might not be unique, which is one of the main distinctions that

differs Theorem 4.1 from the existing results. Moreover, Theorem 4.2 shows that the representa-

tive reinsurer’s premium principle is non-linear in the indemnity function I, while in both Boonen

et al. (2016) and Boonen and Ghossoub (2019) the representative reinsurer’s premium principles

are linear in I.

Theorem 4.2 provides an explicit formulation of the set K∗(z) that does not depend on the

optimal indemnities (I∗1 , . . . , I
∗
n), and thus the indemnity functions solving Problem (4.1), as stated

in (4.3), are in closed form.

Collecting the results in Theorems 4.1 and 4.2, it is found that solving Problem 1 boils down to

solving

min
I∈I

ρg(X − I(X) + π(I)), (4.14)

where π(I) is given by Theorem 4.2. Here (I, π(I)) can be understood as the contract offered by a

representative reinsurer in the market.

Note that when x ∈ [xj−1, xj), we have

j−1∑
i=1

θj − θi
γi

≤ I(x) <

j∑
i=1

θj+1 − θi
γi

, or

j−1∑
i=1

(1 + θj)− (1 + θi)

γi
≤ I(x) <

j∑
i=1

(1 + θj+1)− (1 + θi)

γi
.

Note that for x ∈ [xj−1, xj), we have κ1(x) =
∑j

i=1wi(j)(1 + θi) = κ2(x)
∑j

i=1
1+θi
γi

, where κ2(x) =

(
∑j

i=1 γ
−1
i )−1. The above inequality can be rewritten as

(1 + θj)

j−1∑
i=1

γ−1
i

−
j−1∑
i=1

1 + θi
γi

≤ I(x) < (1 + θj+1)

 j∑
i=1

γ−1
i

−
j∑

i=1

1 + θi
γi

, or

1 + θj ≤ κ1(x) + κ2(x)I(x) < 1 + θj+1.

Hence, we have

(1 + θj)

∫ xj

xj−1

SX(x)dI(x) ≤
∫ xj

xj−1

{κ1(x) + κ2(x)I(x)}SX(x)dI(x) < (1 + θj+1)

∫ xj

xj−1

SX(x)dI(x).

Now define

θ̃j =

∫ xj

xj−1
{κ1(x) + κ2(x)I(x)}SX(x)dI(x)∫ xj

xj−1
SX(x)dI(x)

− 1, (4.15)

where apparently θ̃j ∈ [θj , θj+1), the equation (4.13) becomes

π(I) =

∫ M

0

n∑
i=1

(1 + θ̃i)1[xi−1,xi)(x)SX(x)dI(x) =

n∑
i=1

(1 + θ̃i)

∫ xi

xi−1

SI(X)(x)dx,

15



x

SI(X)(x)

x3 =Mx1 x20

0

1

(1 + θ̃1)E[I(X ∧ x1)]

(1 + θ̃2)

E[I((X ∧x2−x1)+)]

(1 + θ̃3)E[I((X − x2)+)]

Figure 1: Illustration of the construction of π(I) with n = 3, which is composed of the sum of three

elements: π(I) = (1 + θ̃1)E[I(X ∧ x1)] + (1 + θ̃2)E[I((X ∧ x2 − x1)+)] + (1 + θ̃3)E[I((X − x2)+)].

where the second equation is due to Zhuang et al. (2016). Compared with the classical expected-

value premium principle (1 + θ)E[I(X)] = (1 + θ)
∫M
0 SI(X)(x)dx, the representative reinsurer is

adjusting the loading for different layers of coverage. In Figure 1, we illustrate the “piecewise safety

loading” structure of the representative premium principle π.

In general, the premium principle π(I) is no longer of the same form as (3.3). However, we can

show that π(I) is a monotonic and convex premium principle, and this is shown in the following

theorem.

Theorem 4.3. If γi > 0 for all i ∈ {1, 2, . . . , n}, the premium principle π(I) in (4.13) is monotonic

and convex.

Proof. For the monotonicity of π(I), we need to utilize the Lagrangian perspective provided in the

appendix. For Ĩ , Î ∈ I, which satisfies Ĩ(x) ≤ Î(x) for all x ∈ [0,M ], the optimal Ĩi and Îi, where

i ∈ {1, . . . , n}, for the problems min−→
I ∈

−→
I (Ĩ)

∑n
k=1 πk(Ik(X)) and min−→

I ∈
−→
I (Î)

∑n
k=1 πk(Ik(X)) are

given by (4.7) with λ(x) replaced by λ̃(x) and λ̂(x), where λ̃(x) and λ̂(x) respectively satisfy the

equations

n∑
k=1

0 ∨

(
λ̃(x)− (1 + θk)

γk

) = Ĩ(x)

and

n∑
k=1

0 ∨

(
λ̂(x)− (1 + θk)

γk

) = Î(x).
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Apparently, λ̃(x) ≤ λ̂(x) for x ∈ [0,M ] due to the monotonicity of the left-hand sides of the above

two equations. Thus, we have Î∗i (x) ≥ Ĩ∗i (x) for x ∈ [0,M ], which naturally yields

n∑
k=1

πk(Î
∗
k) = π(Î) ≥ π(Ĩ) =

n∑
k=1

πk(Ĩ
∗
k).

We next show the convexity of π. Let Ĩ , Î ∈ I and λ ∈ [0, 1]. Define

S =
{−→
I :

−→
I = λ

−→
I1 + (1− λ)

−→
I2 ,

−→
I1 ∈

−→
I (Ĩ),

−→
I2 ∈

−→
I (Î)

}
.

It is straightforward that S ⊆
−→
I (λĨ + (1− λ)Î). Hence, we have

π(λĨ + (1− λ)Î) = min−→
I ∈

−→
I (λĨ+(1−λ)Î)

n∑
k=1

πk(Ik(X))

≤ min−→
I ∈S

n∑
k=1

πk(Ik(X))

= min−→
I1∈

−→
I (Ĩ),

−→
I2∈

−→
I (Î)

n∑
k=1

πk(λI1k(X) + (1− λ)I2k(X))

≤ min−→
I1∈

−→
I (Ĩ),

−→
I2∈

−→
I (Î)

λ
n∑

k=1

πk(I1k(X)) + (1− λ)
n∑

k=1

πk(I2k(X))


= λ

 min−→
I1∈

−→
I (Ĩ)

n∑
k=1

πk(I1k(X))

+ (1− λ)

 min−→
I2∈

−→
I (Î)

n∑
k=1

πk(I2k(X))


= λπ(Ĩ) + (1− λ)π(Î).

The proof is complete.

Remark 4.3. The second-moment premium principle in (3.3) can be extended to include higher-

order moments. We show in Appendix A that the main results of this section can be transformed to

allow for a finitely many higher moments. However, the results become more difficult to understand.

We will continue this paper with the second-moment premium principle, also because we will show

in Section 4.1 that it yields an efficient algorithm to solve numerically.

4.1 A numerical way to solve Problem (4.14)

Due to the complexity of the premium principle π(I) as shown in Theorem 4.2, we solve the

problem (4.14) using a numerical approach. The application of numerical methods in optimal

(re)insurance design is however rather scarce in the literature. We refer to Asimit et al. (2017,

2018) for constructive examples.

By using the translation invariance and comonotonic additivity properties of distortion risk

measures, the objective function of (4.14) can be written as

ρg(X − I(X) + π(I)) = ρg(X)− ρg(I(X)) + π(I).
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The positive homogeneity5 and translation invariance properties of distortion risk measures imply

that ρg(I(X)) is linear in I. Combining with Theorem 4.3, the problem

min
I∈I

−ρg(I(X)) + π(I) (4.16)

is a convex optimization problem.

We discretize Problem (4.16) first. Let {t1, t2, . . . , tm} be exogenous and distinct loss data points

sorted in increasing order. We denote pj = P(X = tj), where

pj = FX

(
tj + tj+1

2

)
− FX

(
tj−1 + tj

2

)
,

where t0 = −∞ and tm+1 = M . Let y = I(x), or more specifically yj = I(tj) for j ∈ {1, 2, . . . ,m},
the discrete form of ρg(I(X)) is

ρg(I(X)) =

∫ M

0
g(SX(x))dI(x) ≈

m∑
j=1

g(SX(tj))(yj − yj−1),

where y0 = 0. For the premium principle π(I), we note from Theorem 4.2 that κ1(x) and κ2(x) are

both step functions and I(x)-dependent. In numerical optimization, it is more convenient to define:

for j ∈ {0, 1, . . . , n− 1}

ϕ1(y) =

j+1∑
k=1

1 + θk
γk

j+1∑
k=1

γ−1
k

−1

if

j∑
i=1

θj+1 − θi
γi

≤ y <

j+1∑
i=1

θj+2 − θi
γi

and

ϕ2(y) =

j+1∑
k=1

γ−1
k

−1

if

j∑
i=1

θj+1 − θi
γi

≤ y <

j+1∑
i=1

θj+2 − θi
γi

.

It can be easily verified that ϕ1(y) = ϕ1(I(x)) = κ1(x) and ϕ2(y) = ϕ2(I(x)) = κ2(x) for x ∈ [0,M).

The discrete form of π(I) is then

π(I) ≈
m∑
j=1

(
ϕ1(yj) + ϕ2(yj)yj

)
SX(tj)(yj − yj−1).

Since I ∈ I, following Asimit et al. (2017), the constraints below are placed on y1, . . . , ym:0 ≤ y ≤ t,

0 ≤ Ay ≤ At,
(4.17)

where 0 = [0, . . . , 0]T , y = [y1, . . . , ym]T , t = [t1, . . . , tm]T , and A is a (m− 1)×m matrix

A =


−1 1 · · · 0 0

. . .
. . .

0 0 · · · −1 1

 .
5A risk measure ρ is called positive homogeneous if ρ(c · Z) = c · ρ(Z) for all c > 0 and all random variables Z.
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To this end, the discrete form of the problem (4.16) is

min
y1,...,ym

m∑
j=1

{(
ϕ1(yj) + ϕ2(yj)yj

)
SX(tj)− g(SX(tj))

}
(yj − yj−1)

s.t. the constraint (4.17).

(4.18)

The problem (4.18) can be solved by using the readily available function “fmincon” or the “CVX”

solver of MATLAB.

Example 4.1 (Proportional hazard transform). We assume that the loss variable follows a gamma-

type distribution, i.e.

FX(x) =


1

βαΓ(α)

∫ x

0
tα−1e

− t
β , x ∈ (0, 106],

1, x ∈ (106,∞],

with α = 10 and β = 30. We further assume that there are three reinsurers in the market, who

may apply different safety loading factors on either the first moment or second moment of the

indemnity function under the second-moment-based premium principle. We assume that the in-

surer’s preference is dictated by the proportional hazard (PH) transform, whose distortion function

is g(t) = gPH(t) = ta for a ∈ (0, 1). To discretize the optimization problem, we consider the 200

discrete points that are equally spaced between 1 and 800.6

Figures 2 and 3 display the optimal indemnity functions that solve (4.14) under different safety

loading factors. All the indemnity functions provide no coverage when the loss size is small, partial

coverage for the excess amount when the loss size is medium, and full coverage for the excess amount

when the loss size is large. One direct observation is that the indemnity function in demand is more

sensitive to the change of safety loading of the second-order moment of the ceded loss, and this is

also verified by checking the aggregate premiums as shown in Table 1 for seven different parameter

settings of the insurers.

Besides the optimal contract that the insurer seeks from the representative reinsurer, we also

provide the optimal indemnities shared among the three individual reinsurers, as shown in Figure 4.

One straightforward finding is that the insurer cedes out her loss in tranches, which are determined

by both safety loading factors in the second-order-moment-based premium principles. As shown in

all the plots in Figure 4, smaller losses will be covered by the reinsurer who uses smaller safety

loading factor for the first-order moment of the ceded loss, while the large losses will be mainly

covered by the reinsurer who offers smaller safety loading factor for the second-order moment of the

ceded loss.

In Table 1 we summarize the aggregate premiums, and we find that the aggregate premium

decreases if one of the parameters θi and γi increases. Increasing such a parameter leads to more

expensive insurance contract, and the insurer will in response retain more risk and cede less to the

6Note that under the setting of this example, P(X > 800) ≈ 7.26× 10−5.
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Figure 2: Optimal indemnity functions under the setting γ1 = γ2 = γ3 = 3. We display Cases 1, 2,

and 3 in the left figure, and Cases 3, 4, and 5 in the right figure.

Figure 3: Optimal indemnity functions under the setting θ1 = 0, θ2 = θ3 = 60 (Cases 5, 6, and 7).

collective of reinsurers. This lower indemnity will have a larger impact on the aggregate premium

than the increase in the safety loading factors.

As shown by Figure 4(c), when γ3 is closer to 0, almost all the marginal loss will be borne by the

third insurer after she starts to share the loss. This also corresponds to a limiting case of Theorem

4.1, where I∗3
′(x) =

γ−1
3∑3

s=1 γ
−1
s

→ 1 and I∗k
′(x) =

γ−1
k∑3

s=1 γ
−1
s

→ 0 for k = 1, 2 when γ3 → 0.

We close this section by remarking on the applicability of numerical methods for our problem.

As shown in this section, the explicit form and convexity of π(I) are crucial for the implementation

of numerical method. The explicit form of π(I) allows us to easily discretize the problem, and the

convexity of π(I) ensures the convexity of the whole optimization problem, which facilitates the

use of many readily available packages. The closed-form of π(I) also exists when all the agents

are endowed with distortion risk measures (Boonen and Ghossoub, 2019, 2021). However, for
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Case number θ1 θ2 θ3 γ1 γ2 γ3 π(I)

1 0 0 0 3 3 3 12.43

2 0 0 30 3 3 3 11.81

3 0 0 60 3 3 3 11.34

4 0 30 60 3 3 3 10.65

5 0 60 60 3 3 3 10.27

6 0 60 60 3 3 1 10.76

7 0 60 60 3 3 0.01 13.83

Table 1: The premiums charged by the representative reinsurer under different safety loading factors.

(a) Case 4. (b) Case 6.

(c) Case 7.

Figure 4: Optimal indemnity functions with different reinsurers.

risk measures and utility functions that are not positive homogeneous, translation invariant or

comonotonic additive, the closed-form of π(I) is often not obtainable, which becomes the main
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obstacle for applying the numerical method.

5 Equal safety loading factor

In this section, we study a special case of Problem 1 where θi = θ for all i ∈ {1, 2, . . . , n}. Here,

we assume that the safety loading factor for the first moment of indemnity is set to cover all the

expenses and profits that would vary linearly with respect to the expected payoff or pure premium

(see Werner and Modlin (2010) for the calculations of a variety of ratios that are commonly used in

industrial practice), and a common safety loading factor is used in a competitive market. In some

popular premium principles, such as the variance and standard-deviation premium principles, the

safety loading factor for the first moment of indemnity is set directly to zero (Young, 2014). In such

a case, we have

H∗
1 (0) = H∗

2 (0) = · · · = H∗
n(0) = 1 + θ.

Following the proof of Theorem 4.1, we have H∗
1 (x) = H∗

2 (x) = · · · = H∗
n(x) = H∗(x), or K∗(x) =

{1, 2, . . . , n}, for all x ∈ [0,M ]. Then (4.3) becomes

I∗i
′(x) =

γ−1
i∑n

k=1 γ
−1
k

I ′(x), for x ∈ [0,M ], (5.1)

which implies that for any i ∈ {1, 2, . . . , n}

I∗i (x) =
γ−1
i∑n

k=1 γ
−1
k

I(x). (5.2)

If a common safety loading factor θ is applied by all the reinsurers, i.e. θ1 = θ2 = · · · = θn = θ,

then it can be easily calculated that

xj = inf{x ∈ [0,M ] : I(x) ≥ 0} = 0, for j = 1, 2, . . . , n− 1.

Then

κ1(x) = 1 + θ, κ2(x) =

 n∑
k=1

γ−1
k

−1

, for x ∈ [0,M ],

which implies that

π(I) =

∫ M

0
(1 + θ + (

n∑
k=1

γ−1
k )−1I(x))SX(x)dI(x)

=(1 + θ)E[I(X)] +
1

2(
∑n

k=1 γ
−1
k )

E[I(X)2].

Thus, in summary, we obtain the following corollary of Theorems 4.1 and 4.2.

Corollary 5.1. If θi = θ and γi > 0 for all i ∈ {1, 2, . . . , n}, then I∗i
′(x) =

γ−1
i∑n

k=1 γ
−1
k

I ′(x), and so

I∗i (X) =
γ−1
i∑n

k=1 γ
−1
k

I(X). Moreover, it then holds that π(I) = (1 + θ)E[I(X)] + 1
2(
∑n

k=1 γ
−1
k )

E[I(X)2].

From Corollary 5.1, the remaining problem to be solved is given as follows:

22



Problem 2.

min
I∈I

L(I) := ρg(X − I(X) + π(I)),

where π(I) = (1 + θ)E[I(X)] + w∗E[I(X)2] and w∗ = 1
2(
∑n

k=1 γ
−1
k )

.

5.1 An implicit solution to Problem 2

By using the translation invariance and comonotonic additivity properties of distortion risk mea-

sures, the objective function of Problem 2 can be written as

ρg(X − I(X) + π(I)) =ρg(X)− ρg(I(X)) + (1 + θ)E[I(X)] + w∗E[I(X)2].

Thus, solving Problem 2 is equivalent to solving

min
I∈I

−ρg(I(X)) + (1 + θ)E[I(X)] + w∗E[I(X)2]. (5.3)

By applying the calculus of variations, we obtain the full characterization of the solution to Prob-

lem 5.3.

Theorem 5.1. The optimal indemnity function to Problem (5.3) is given by I∗(x) =
∫ x
0 I

∗′(t)dt,

where

I∗′(x) = 1{x:H(x)<0}(x) + ξ(x)1{x:H(x)=0}(x), (5.4)

where

H(x) = −g(SX(x)) + (1 + θ)SX(x) + 2w∗
∫ M

x
I∗(t)dFX(t), (5.5)

and ξ(x) ∈ [0, 1] is implicitly determined by H(x) = 0. Furthermore, if θ > 0 and SX(0) > sup{t ∈
(0, 1] : (1 + θ)x ≤ g(t)}, then I∗ contains a deductible level d∗ > 0.

Proof. Let I∗ denote the optimal indemnity function to Problem 5.3. For any I ∈ I and ϵ ∈ [0, 1],

we have I∗ϵ = (1− ϵ)I∗ + ϵI ∈ I, by convexity of the set I.
Let the objective function of (5.3) be L(I), then it is straightforward to verify that the function

L(I∗ϵ ) is a quadratic function of ϵ. Given that I∗ is the solution to (5.3), we have

∂L(I∗ϵ )

∂ϵ

∣∣∣
ϵ=0

≥ 0

=⇒ − ρg(I(X)) + (1 + θ)E[I(X)] + 2w∗E[I(X)I∗(X)]

≥ −ρg(I∗(X)) + (1 + θ)E[I∗(X)] + 2w∗E[I∗(X)2].

Therefore, I∗ solves Problem (5.3) if and only if it also solves

min
I∈I

−ρg(I(X)) + (1 + θ)E[I(X)] + 2w∗E[I(X)I∗(X)]. (5.6)

By using the Fubini’s theorem, we can get

− ρg(I(X)) + (1 + θ)E[I(X)] + 2w∗E[I(X)I∗(X)]
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= −
∫ M

0
g(SX(x))dI(x) + (1 + θ)

∫ M

0
SX(x)dI(x) + 2w∗

∫ M

0
I∗(x)

(∫ x

0
I ′(t)dt

)
dFX(x)

= −
∫ M

0
g(SX(x))dI(x) + (1 + θ)

∫ M

0
SX(x)dI(x) + 2w∗

∫ M

0

(∫ M

x
I∗(t)dFX(t)

)
dI(x)

=

∫ M

0
H(x)dI(x) =

∫ M

0
H(x)I ′(x)dx, (5.7)

with H(x) defined in (5.5). It is apparent that the optimal I that can minimize (5.7) should be of

the form I∗(x) =
∫ x
0 I

∗′(t)dt with

I∗′(x) = 1{x:H(x)<0}(x) + ξ(x)1{x:H(x)=0}(x).

If θ > 0 and SX(0) > sup{t ∈ (0, 1] : (1 + θ)t ≤ g(t)}, then

H(0) = −g(SX(0)) + (1 + θ)SX(0) + 2w∗
∫ M

0
I∗(t)dFX(t) > 0.

Now define d∗ := inf{x ∈ [0,M ] : H(x) ≤ 0}, then we have H(x) > 0 for x ∈ [0, d∗). As such, I∗

contains a deductible level d∗.

If the safety loading factor θ > 0, then the condition SX(0) > sup{t ∈ (0, 1] : (1 + θ)t ≤ g(t)}
can be easily fulfilled if X does not possess point mass at 0.

Though Theorem 5.1 seems to fully characterize the solution to Problem (5.3), the solution is

not explicit as the right-hand side of (5.4) also depends on I∗ itself. Such issue is well-known in

the literature (e.g., Chi and Zhuang, 2020; Ghossoub et al., 2022; Birghila et al., 2023). One can

find the explicit solutions under some additional assumptions on either the distortion risk measure

or the distribution of X, or identify the semi-explicit (or parametric) solutions by resorting to an

optimization over a partitioned domain (see, e.g., Chi and Tan, 2021; Ghossoub et al., 2022). In the

following corollary, we present the parametric solution to Problem (5.3) when the distortion risk

measure is TVaR.7

Corollary 5.2. If ρg = TVaRα, then the solution to Problem (5.3) is given by

I∗(x) = (x ∧ L− d)+ (5.8)

for some d and L that satisfy 0 ≤ d ≤ L ≤M .

Proof. By inserting the distortion function of TVaR to (5.5), we have

H(x) =


− 1 + (1 + θ)SX(x) + 2w∗

∫ M

x
I∗(t)dFX(t), x ≤ VaRα(X),(

(1 + θ)− 1

1− α

)
SX(x) + 2w∗

∫ M

x
I∗(t)dFX(t), x > VaRα(X).

7We leave other types of distortion functions as future research.
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We define d := inf{x ∈ [0,M ] : H(x) ≤ 0} with inf ∅ := M , and show that H(x) can up-cross8

x-axis at most once and never down-cross x-axis when x ∈ (d,M ]. It is apparent that H(x) is

decreasing over [0,VaRα(X)], thus the up-crossing point of H, if exists, must be located within

(d ∨ VaRα(X),M ]. If H does not have an up-crossing point, then H(x) ≤ 0 on (d,M ]. As per

Theorem 5.1, I∗(x) = (x − d)+ (which is a special case of (5.8)) is a solution to Problem (5.3). If

H has an up-crossing point, which we denote by L, then by the mean value theorem, there exists a

point x1 > L such that H ′(x1) > 0, or equivalently

H ′(x1) = −
(
(1 + θ)− 1

1− α
+ 2w∗I∗(x1)

)
fX(x) > 0.

If H down-crosses the x-axis at some point d̃ ∈ (L,M ], then again by the mean value theorem,

there exists a point x2 ∈ (x1, d̃) such that H ′(x2) < 0, or equivalently

H ′(x2) = −
(
(1 + θ)− 1

1− α
+ 2w∗I∗(x2)

)
fX(x) < 0.

As such, we have I∗(x1) < I∗(x2). However, note that H(x) > 0 when x ∈ [x1, x2], which, as per

Theorem 5.1 leads to I∗′(x) = 0 when x ∈ [x1, x2], or equivalently I∗(x1) = I∗(x2). This gives

rise to the contradiction. Therefore, if L is the up-crossing point of H, we have H(x) > 0 when

x ∈ (L,M ]. Then, as per Theorem 5.1, we get I∗(x) = (x ∧ L− d)+. The proof is complete.

In the next section, we propose the use of numeric quadratic programming approach to approx-

imate the solutions to Problem (5.3).

5.2 A numerical solution to Problem 2

We follow the same idea as presented in Section 4.1 to discretize Problem (5.3). First, we have

empirically

E[I(X)] ≈
m∑
j=1

pjyj , E[I(X)2] ≈
m∑
j=1

pjy
2
j ,

where {yj} and {pi} are defined in Section 4.1.

Using integration by parts, we have

ρg(I(X)) =

∫ M

0
g(SX(x))dI(x) =

∫ M

0
I(x)d[1− g(SX(x))].

Thus, the empirical approximation of ρg(I(X)) is (see also Section 3.2 of Asimit et al., 2017)

ρg(I(X)) ≈
m∑
j=1

πjyj ,

where π1 = 1− g(1− p1), and πj = g
(
1−

∑j−1
k=1 pk

)
− g

(
1−

∑j
k=1 pk

)
for j = 2, . . . ,m.

8A function h up-crosses (resp. down-crosses) the x-axis at the point x0 if there exists a ϵ > 0 such that h(x) ≤ 0

when x ∈ (x0 − ϵ, x0] and h(x) > 0 when x ∈ (x0, x0 + ϵ) (resp. h(x) ≥ 0 when x ∈ (x0 − ϵ, x0] and h(x) < 0 when

x ∈ (x0, x0 + ϵ)).
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Let p = [p1, . . . , pm]T and π = [π1, . . . , πm]T , the matrix form of Problem (5.3) is therefore given

by

min
y

1

2
yTHy + vTy

s.t. By ≤ b,

(5.9)

where H = 2w∗×diag(p), v = (1+θ)×p−π, and By ≤ b is a linear constraint on y that combines

the constraints from (4.17).

Problem (5.9) can be easily solved using standard quadratic programming algorithms (e.g.,

“quadprog” or “mpcactivesolver” functions from MATLAB).

Example 5.1. Following Example 4.1, we assume that the loss variable follows a gamma-type dis-

tribution with α = 10 and β = 30. Moreover, we consider the following setting. The constant safety

loading factor is θ = 0.5. The insurer minimizes the Tail Value-at-Risk (TVaR) with confidence

level parameter α = 0.99. The optimal indemnities for the loss data {1, 2, . . . , 800} are displayed in

Figures 5 and 6.

Figure 5: The optimal indemnities for Problem (5.9) when ρg = TV aR0.99.

We find that all the optimal aggregate indemnity functions are of the limited stop-loss form.

This is an interesting finding, as the optimal indemnity function with TVaR under the expected

value premium principles is well-known to be of a stop-loss form (Cai et al., 2008; Cheung, 2010).

Here, because of the second-order moment of the ceded loss in the premium principle, covering large

losses is relatively more expensive, and this leads to a cap on the optimal indemnity function. This

cap is larger when the second-order moment has a smaller weight w∗ (see Figure 5). Moreover,

from Figure 6 we see that for a larger confidence level parameter α, the deductible increases as

a consequence of TVaR only considering losses deeper in the right tail, making reinsurance for

smaller losses too costly. As a consequence of putting weight in the right tail, the insurer selects an

indemnity with a larger cap.
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Figure 6: The optimal indemnities for Problem (5.9) when w∗ = 0.5 under different confidence level

parameters.

We close this section by comparing the computational complexities of solving Problems (4.14)

and 2. Note that Problem 2 is a quadratic programming problem, whose objective function is

continuously differentiable, facilitating the use of some derivative-based optimization method, such

as the gradient descent method. However, the objective function of the problem (4.14) is generally

not smooth, which lowers the efficiency of some conventional optimization method.

6 Expected value premium principles

In this section, we study the case in which γi = 0 for all i. Then, all the reinsurers use expected

value premium principles. Note that this case is not treated in Theorems 4.1 and 4.2, and we

will show that this is an easy case to solve and will yield closed-form solutions. For the ease of

presentation, we define θ = min{θ1, . . . , θn}.

Proposition 6.1. If γi = 0 for all i ∈ {1, 2, . . . , n}, then π(I) = (1 + θ)E[I(X)]. Moreover,

Ii(X) = 0 if i /∈ argmin{θj : j = 1, 2, . . . , n}.

Proof. Similar to the proof of Theorem 4.1, we have

n∑
k=1

πk(Ik(X)) =

∫ M

0

 n∑
k=1

(1 + θk)I
′
k(x)

SX(x)dx.

Since

n∑
k=1

(1 + θk)I
′
k(x) =

∑
{k:θk>θ}

(1 + θk)I
′
k(x) +

∑
{k:θk=θ}

(1 + θk)I
′
k(x)

=
∑

{k:θk>θ}

(1 + θk)I
′
k(x) + (1 + θ)

∑
{k:θk=θ}

I ′k(x)
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≥(1 + θ)
n∑

k=1

I ′k(x) = (1 + θ)I ′(x).

This implies that optimal indemnity functions should satisfy∑
{k:θk=θ}

I∗k
′(x) = I ′(x) and I∗i

′(x) = 0 if θi > θ,

which naturally yields the results of this proposition.

Proposition 6.1 helps us to reduce the case with n reinsurers to the case with only 1 reinsurer.

In that case, the objective function in Problem 2 can be written as follows:

L(I) = ρ(X − I(X) + π(I) = ρ(X − I(X)) + π(X) = ρ(X)− ρ(I(X)) + (1 + θ)E[I(X)]

= ρ(X)−
∫ M

0
((1 + θ)SX(x)− g(SX(x)))I ′(x)dx.

Then, the optimal indemnity function I is readily obtained, and summarized in the next proposition.

Proposition 6.2. If γi = 0 for all i ∈ {1, 2, . . . , n}, then the optimal indemnity I that solves

Problem 2 with π(I) = (1 + θ)E[I(X)] is given by I∗(x) =
∫ x
0 I

∗′(t)dt, where

I∗′(x) = 1{x:(1+θ)SX(x)<g(SX(x))}(x) + ξ(x)1{x:(1+θ)SX(x)=g(SX(x))}(x), (6.1)

where ξ(x) ∈ [0, 1].

In summary, this section shows that if all reinsurers use expected value premium principles, then

we can derive the optimal reinsurance contracts explicitly. While this may be a very restrictive

special case, we wish to point out that this is the main case under which we derive full closed-form

expressions of I. In Sections 4 and 5, we obtained only closed-form solution given the aggregate

indemnity I(X), which was subsequently determined numerically. The theoretical results derived

in this section agree well with those of Boonen and Ghossoub (2021) in a multiple-reinsurer setting.

7 Conclusion

This paper studies the optimal reinsurance problem between one insurer and multiple reinsurers

by providing the concept of a representative reinsurer in the context of moment-based premium

principles. The representative reinsurer’s premium principle, which admits an analytical form and

possesses monotonicity and convexity properties, simplifies the problem and enables the use of con-

vex and quadratic programming approaches to find solutions. The results demonstrate that when

reinsurers apply the same safety loading factor for the first moment of the ceded loss, the com-

plexity of the original problem is significantly reduced. Furthermore, the idea of the representative

reinsurer can be extended to cases where reinsurers apply premium principles based on higher-order

moments. This research provides an effective method for solving the optimal reinsurance problem

and contributes to the literature on computational (re)insurance contracting.
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This paper paves the way for several future research opportunities. For example, the potential

applications of the representative reinsurer concept can be further explored in case of variance

or standard deviation premium principles. This paper only focuses on the reinsurance demand

from the insurer’s perspective, the optimal pricing strategies (e.g., the determination of the safety

loading factors for the two moments of indemnities) from the reinsurers’ perspectives can also be

investigated in a Stackelberg game, where the Nash equilibrium among the reinsurers can be studied

in a competitive market.
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A Higher-order moment-based premium principles

In this appendix, we extend the results of Section 3 to the case where each reinsurer charges the

insurer according to the higher-order moment-based premium principle, i.e.

πi(Ii) =
N∑
s=1

θis
s
E[Ii(X)s], (A.1)

where N ≥ 2 is the maximum order of the moments included in the premium principles, and θis ≥ 0

is the safety loading factor applied to the s-th moment of Ii. Similar as Section 3, we first solve

Problem (4.1) in this context. The following theorem characterizes the solution to Problem (4.1).
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Theorem A.1. If at least one of {θis}s=2,...,N is positive for all i ∈ {1, 2, . . . , n}, the optimal

indemnity functions (I∗1 , I
∗
2 , . . . , I

∗
n) that solve Problem (4.1) are given by

I∗i (x) =

r(x; θi1, . . . , θiN , λ(x)), if θi1 ≤ λ(x),

0, if θi1 > λ(x),
(A.2)

where r(x; θi1, . . . , θiN , λ(x)) is the unique non-negative root of the function

Li(y;x) :=

N∑
s=1

θisy
s−1 − λ(x), (A.3)

where λ(x) satisfies ∑
{k:θi1≤λ(x)}

r(x; θi1, . . . , θiN , λ(x)) = I(x). (A.4)

Proof. The proof follows that for Theorem 4.1. Instead of solving Problem (4.1) directly, we solve

the following problem first:

min
I1,...,In∈I0(I)

∫ M

0

n∑
k=1

 N∑
s=1

θks
s
Ik(x)

s

 dFX(x)

s.t.
n∑

k=1

Ik(x) ≥ I(x) for all x ∈ [0,M ].

(A.5)

Since the objective function of (A.5) is increasing in I1, . . . , In, we directly conclude that the optimal

indemnities I∗1 , . . . , I
∗
n for (A.5) will always make the constraint binding. To solve (A.5), we adopt

the element-wise minimization, which turns the problem (A.5) into

min
I1,...,In∈I0(I)

L(I1, . . . , In) :=
n∑

k=1

 N∑
s=1

θks
s
Ik(x)

s

− λ(x)

 n∑
k=1

Ik(x)− I(x)

 (A.6)

with x being any given point within [0,M ], where λ(x) ≥ 0 is the Lagrangian multiplier. The

first-order condition ∂L
∂Ii

= 0 yields

N∑
s=1

θisIi(x)
s−1 − λ(x) = 0.

Let Li(y;x) =
∑N

s=1 θisy
s−1 − λ(x), which is a polynomial function of y. Note that the coefficients

{θis}s=1,...,N are all non-negative, thus the coefficients of Li(y;x) have either no sign change if

θi1 ≥ λ(x) or one sign change if θi1 < λ(x). By using the Descartes’ rule of signs (Curtiss, 1918),

Li(y;x) has one non-negative root if λ(x) ≥ θi1, which we denote by r(x; θi1, . . . , θiN , λ(x)), and no

such root if λ(x) < θi1. Here, the Lagrangian multiplier λ(x) needs to satisfy∑
{k: θk1≤λ(x)}

r(x; θk1, . . . , θkN , λ(x)) = I(x), (A.7)

from which one also concludes that r(x; θi1, . . . , θiN , λ(x)) ≤ I(x) for any i ∈ {1, 2, . . . , n}.
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Since Li(y;x) is increasing in y when y ≥ 0, we get that the monotonicity of r(x; θi1, . . . , θiN , λ(x))

aligns with that of λ(x). Since I(x) is increasing, we conclude from (A.7) that λ(x) is an increasing

function, which leads r(x; θi1, . . . , θiN ) to be an increasing function. Taking derivative of both sides

of (A.7) yields ∑
{k: θk1≤λ(x)}

r′(x; θk1, . . . , θkN , λ(x)) = I ′(x) ∈ [0, 1].

Thus, all r(x; θi1, . . . , θiN , λ(x)) are in the class I. Hence, the indemnity functions characterized via

I∗i (x) = r(x; θi1, . . . , θiN , λ(x)) if θi1 ≤ λ(x) and I∗i (x) = 0 if θi1 > λ(x)

also solve the problem (4.1) under the higher-order moment-based premium principles. This con-

cludes the proof.

For any x ∈ [0,M ], we define H∗
i (x) =

∑N
s=1 θisI

∗
i (x)

s−1 for i ∈ {1, 2, . . . , n}. As per the proof

for Theorem A.1, for j ∈ {k : θk1 ≤ λ(x)} we have

H∗
j (x) =

N∑
s=1

θjsr(x; θj1, . . . , θjN , λ(x))
s−1 = λ(x) < min

{k:θk1>λ(x)}
{θk1} = min

{k:θk1>λ(x)}
{H∗

k(x)}.

It is thus straightforward that

K∗(x) = argmin
1≤k≤n

{H∗
k(x)} = {k : θk1 ≤ λ(x)}.

Similar to the implications of Theorem 4.1, Theorem A.1 implies that the participation of a reinsurer

into the risk sharing depends solely on the loading factor for the first-order moment, while other

moments contribute to the determination of the proportion of loss that the reinsurer is to bear.

The following theorem concludes the optimal value for the objective function of (4.1) in the

general case.

Theorem A.2. Under the condition of Theorem A.1, the optimal value for the objective function

in Problem (4.1) is

π(I) = min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik(X)) =

∫ M

0
H∗(x)SX(x)dI(x), (A.8)

where H∗(x) = min1≤k≤n{H∗
k(x)}.

Proof. We obtain

min−→
I ∈

−→
I (I)

n∑
k=1

πk(Ik(X)) =

n∑
k=1

πk(I
∗
k(X))

=

∫ M

0

 n∑
k=1

H∗
k(x)I

∗
k
′(x)

SX(x)dx

=

∫ M

0

 ∑
k∈K∗(x)

H∗
k(x)I

∗
k
′(x)

SX(x)dx
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=

∫ M

0

H∗(x)
∑

k∈K∗(x)

I∗k
′(x)

SX(x)dx

=

∫ M

0
H∗(x)I ′(x)SX(x)dx.

This concludes the proof.

The following theorem states that the premium principle in (A.8) is still monotonic and convex.

Theorem A.3. The premium principle π(I) in (A.8) is monotonic and convex.

Proof. It is easy to verify that the polynomial function
∑N

s=1
θis
s x

s is convex for x ≥ 0 if all the

coefficients θis ≥ 0. Thus, πi(Ii) is convex in Ii. Based on this fact and Theorem A.1, we can show

that Theorem 4.3 still holds under the higher-order-moment-based premium principle (A.1). The

proof is similar to that of Theorem 4.3 and thus omitted.

Though Theorems A.1∼A.3 are natural extensions of Theorems 4.1∼4.3, the development of

numerical schemes to explicitly solve Problem 1 might face non-trivial challenges. It is noteworthy

that under the second-order moment-based premium principle, the optimal indemnities as shown

in Theorem 4.1 admit parametric forms and the representative reinsurer’s premium principle as

shown by Theorem 4.2 also admits closed form. These explicit forms greatly facilitate the use of

numerical approach. However, under the higher-order moment-based premium principles, as shown

by Theorems A.1 and A.2, the parametric or closed forms are generally no longer derivable, which

becomes the main obstacle for applying the similar numerical approach.
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