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Abstract

The increasing intensity of extreme catastrophic events in recent years highlights the critical need for
insurance to protect against their potential disastrous impacts. However, such catastrophic losses are
often regarded as uninsurable by insurers, and there is a lack of risk-management solutions for them.
Contrary to basic intuition, the literature has shown that within a specific class of risk-sharing rules,
diversifying infinite-mean Pareto losses is always harmful. Consequently, the optimal action is non-
diversification, which effectively leads to a lack of protection against such catastrophic risks. In this
paper, by considering a broader class of risk-sharing rules, we construct novel risk-sharing mechanisms as
alternatives to non-diversification for managing catastrophic Pareto risks. To establish a foundation, we
first study linear risk-sharing rules in a peer-to-peer risk-sharing setting with heterogeneity. Within this
class, a Pareto optimal risk-sharing rule is obtained: uniform risk sharing among agents with finite-mean
Pareto losses and no risk sharing among agents with infinite-mean Pareto losses. Next, by introducing
non-linearity, we construct two novel risk-sharing rules for managing infinite-mean catastrophic Pareto
risks. We then present theoretical results to justify the benefits of the proposed risk-sharing rules,
supported by numerical illustrations.

Keywords: Peer-to-peer risk sharing, heterogeneous risks, infinite-mean losses, first-order stochastic
dominance, convex order.

JEL classification: G22.

1 Introduction

Catastrophic and extreme losses have become more common and intense in recent years (Embrechts et al.,
1999; Sheremet and Lucas, 2009; Cui et al., 2021). Natural disasters, like earthquakes, floods, and hurricanes,
can lead to significant harm and losses to different countries. In view of this, insurance protection against
such events is highly desirable.

Nevertheless, the traditional insurance and reinsurance markets for the protection of extreme losses have
failed and been lacking worldwide (Ibragimov et al., 2009; Sheremet and Lucas, 2009; Wu, 2020; Cui et al.,
2021), mainly because such heavy-tailed catastrophic losses are often deemed uninsurable. Reasons for the
uninsurability include the difficulty in pricing and the loss of benefits from risk pooling. Pricing becomes
difficult because actuarial pricing techniques often rely heavily on expectations; see, e.g., Kaas et al. (2008).
Risk pooling loses its effectiveness due to the inapplicability of the Law of Large Numbers, a fundamental
principle for managing the risk when offering insurance (Wu, 2020; Tavanaie Marvi and Linders, 2021). In
fact, pooling infinite-mean losses could increase the likelihood of bankruptcy instead (Ibragimov et al., 2009;
Wu, 2020).

In spite of this, there are well-established frameworks for modeling infinite-mean catastrophic losses.
A common framework is the Extreme Value Theory (EVT), which allows us to model catastrophic losses
resulting from extreme and tail events using infinite-mean and heavy-tailed models. Examples of utilizing
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infinite-mean models for modeling different kinds of risks in insurance and finance can be found in Chen and
Wang (2025).

As we associate catastrophic losses with infinite-mean losses, some strange and unusual implications for
catastrophic risk management emerge. In standard cases (e.g., mean-variance portfolio theory), diversifica-
tion is shown to be beneficial, and so it is widely accepted and believed that diversification opportunities
should be captured whenever they appear. Nonetheless, many such arguments are implicitly based on the as-
sumption that the underlying random variables are of finite mean; when the losses are of infinite mean, many
standard theories and results break down and are no longer applicable. In fact, it has been shown counter-
intuitively that in certain cases, diversifying infinite-mean losses would only worsen the outcome (Ibragimov
et al., 2009; Chen et al., 2025b), and thus the optimal action turns out to be non-diversification in such
cases. This can also serve as an explanation to the failure of the market for insuring against catastrophic
losses.

However, by having no diversification, the exposure to the extreme losses would just remain unchanged,
thus the agents would still be prone to their great impact. In view of this intricacy, in this paper, we will
demonstrate a novel approach for managing infinite-mean catastrophic Pareto losses by utilizing specially
designed schemes of peer-to-peer (P2P) risk sharing. Our approach provides alternatives to having no risk
sharing when facing catastrophic losses, based on a separation argument: Each infinite-mean loss will be
separated into two parts: a finite-mean part to be shared with other agents, and the residual part to be
retained.

Traditional insurance operates in a centralized manner: There is an insurer (central party) offering
insurance to the policyholders, and they share their risks to the insurer. This contrasts with a decentralized or
P2P design, where no central party exists, and agents instead participate in an agreement to share risks with
each other. As the idea of decentralization has gained more attention, there has been increasing literature
studying various aspects of P2P risk sharing recently; see, e.g., Denuit and Dhaene (2012), Abdikerimova
and Feng (2022), Denuit and Robert (2023), Feng et al. (2023), and Chen et al. (2025a,b). P2P risk sharing
is not only of theoretical interest, but also gets implemented in practice, e.g., P2P insurance is offered by
the companies Friendsurance and Lemonade. P2P insurance carries numerous advantages, including cost
reduction and higher flexibility in the design of the underlying risk-sharing mechanisms (Abdikerimova and
Feng, 2022). This paper shows another advantage of the P2P design, namely the possibility of protecting
against infinite-mean catastrophic losses, which is difficult to achieve in the traditional insurance setting as
discussed previously.

The recent literature on P2P risk sharing utilizes two common approaches. In the first approach, individ-
ual losses are first pooled and subsequently redistributed among the participants. An example of this kind
is conditional mean risk sharing (CMRS), which is an extensively studied risk-sharing rule; see, e.g., Denuit
and Dhaene (2012) and Denuit and Robert (2023). In CMRS, the loss after risk sharing for each agent is
simply the conditional mean of the initial loss, given the sum of all initial losses for the agents involved. If
the initial losses are independent and identically distributed (iid), then CMRS simplifies to an equal share of
the aggregate risk in the market, also known as uniform risk sharing. Various properties of P2P risk-sharing
rules following the first approach are discussed in the literature, e.g., actuarially fair, fully allocating, and
Pareto optimal, whose definitions are briefly reviewed in the following:

• A risk-sharing contract is called actuarially fair if it preserves the same expectation before and after
risk sharing. This concept was introduced by Arrow (1963).

• A risk-sharing contract is called fully allocating if all risk will be allocated to agents, i.e., the economy
is market clearing (also called self-financing), and no money is added or subtracted from the market.

• A risk-sharing contract is called Pareto optimal if there does not exist another contract that is an
improvement for all agents and a strict improvement for at least one agent.

In the second approach, the transfer of risk between agents is explicitly derived. This approach is discussed
by Abdikerimova and Feng (2022), Feng et al. (2023), and Abdikerimova et al. (2024), which impose a
particular structure on the risk-sharing contracts. Their focuses are on (i) pro-rata (linear) risk allocations,
making it explicit how much risk one agent shares with another, and (ii) a social planner with mean-variance
preference. But because mean-variance preferences are used, the losses must have finite means and variances.
This limitation is the key focus of the papers by Chen et al. (2025a,b), which investigate P2P risk sharing
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in a pool of identically distributed infinite-mean losses — homogeneous risk; a special case is that the pool
contains iid infinite-mean Pareto losses. Chen et al. (2025b) have shown that in such a scenario, having no
risk sharing is preferred to any linear risk allocation.

In this paper, we contribute to the literature on P2P risk sharing by proposing risk-sharing schemes
that allow some infinite-mean Pareto losses to be shared without worsening the outcomes. We consider two
main extensions of the case studied in Chen et al. (2025a,b), namely non-linearity in risk allocations and
heterogeneity in loss distributions.1 These two extensions are motivated by the following research questions:

1. What is the impact of including finite-mean losses in the pool, thereby introducing heterogeneity?

2. What is the impact of introducing non-linearity in P2P risk sharing? Is it possible that some non-linear
risk sharing rules can lead to further improvements?

In general, P2P risk sharing starts with n random variables X1, . . . , Xn, representing the losses before risk
sharing for agents 1, . . . , n, respectively. After risk sharing, the losses for agents 1, . . . , n are often denoted
by Y1, . . . , Yn, respectively. The extensions discussed here fall within the realm of P2P risk sharing with
two independent heterogeneous groups: one containing iid finite-mean losses and the other containing iid
infinite-mean losses. As these conditions will be frequently imposed throughout the paper, we call them
“two-group conditions” for convenience, which are formally defined below.

Definition 1.1 (Two-group conditions). The two-group conditions refer to the following three conditions:

1. The losses X1, . . . , Xn are independent.

2. The first m losses X1, . . . , Xm are iid finite-mean random variables.

3. The remaining n−m losses Xm+1, . . . , Xn are iid infinite-mean random variables.

Practically, the n−m agents having iid infinite-mean losses may be interpreted as (not too geographically
close) countries exposing to different natural disasters. With non-linearity and heterogeneity, we show the
possibility of designing P2P risk-sharing rules that mutually benefit agents with finite-mean and infinite-
mean Pareto losses, though our argument for the agents with infinite-mean losses is more heuristic. As a
result, we can incorporate infinite-mean catastrophic Pareto losses into P2P risk-sharing processes, thereby
offering protection against them. This approach can control their exposures to catastrophic and tail events,
a critical element in catastrophic risk management.

The risk-sharing schemes discussed in this paper are briefly described below:

• Scheme [L]: linear risk-sharing scheme. For every loss initially faced by the agents, a certain
fixed proportion is distributed to each agent in the pool, such that the whole loss is covered, i.e.,
the proportions add up to 1. This is known as the fully allocating property in the P2P risk sharing
literature.

• Scheme [FR]: risk-sharing scheme with infinite-mean losses decomposed into finite and
residual losses. This scheme incorporates non-linearity, and allows for the exchange of risks between
finite-mean and infinite-mean agents by separating each infinite-mean loss into two parts; one of which
is a synthetic finite-mean loss. With the original and synthetic finite-mean losses, we are able to
construct risk-sharing rules that allow parts of infinite-mean losses to be shared, while being beneficial
to all the agents involved.

• Scheme [LS]: risk-sharing scheme with infinite-mean losses decomposed into limited-loss
and stop-loss variables. This scheme is also non-linear and provides us another way to separate
infinite-mean losses. Since the separation is based on limited-loss coverage for agents with infinite-mean
losses, this scheme may be more natural and understandable than the scheme [FR]. From a theoretical
perspective, this scheme also yields improvements over the scheme [FR] for agents with finite-mean
losses.

1Recently, Chen et al. (2025) have also studied risk sharing with heterogeneous random variables. Their focus is on markets
with only infinite-mean Pareto distributed losses. Extensions through generalizing the loss distribution being considered have
also been made; see, e.g., Arab et al. (2025), Müller (2025), and Chen and Shneer (2026).
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This paper is set out as follows. We will briefly introduce some notations and relevant concepts in
Section 2. In Sections 3 to 5, we will discuss and compare different P2P risk-sharing schemes with theoretical
results justifying the benefits of utilizing risk-sharing rules constructed therein for managing infinite-mean
Pareto losses. Section 6 conducts numerical studies, and Section 7 concludes this paper.

2 Preliminaries

Let us first introduce some notations and review some relevant concepts for this paper.
Throughout this paper, random variables are real-valued and defined on an atomless probability space

(Ω,F ,P). We then state some notational conventions and terms about the two-group conditions in Defini-
tion 1.1:

• We shall suppose that m is a positive integer less than n, so that both finite-mean and infinite-mean
losses are present. The case where m = 0, i.e., only iid infinite-mean losses are present, is covered
by Chen et al. (2025b) when the losses are Pareto distributed. The case where m = n, i.e., only iid
finite-mean losses are present, is studied extensively in the literature; see, e.g., Denuit et al. (2005).

• Agents 1, . . . ,m are called finite-mean agents, and agents m + 1, . . . , n are called infinite-mean
agents.

• A risk allocation or a rule is any vector (Y1, . . . , Yn) of losses after risk sharing for agents 1, . . . , n.
Recall the concept of fully allocating from Section 1; mathematically, a risk allocation (Y1, . . . , Yn) is
fully allocating when the aggregate loss stays the same before and after risk sharing, i.e.,

∑n
i=1 Yi =∑n

i=1 Xi. We refer to a scheme as a particular subset of risk allocations that are fully allocating.

Next, we introduce some relevant concepts to be used later in this paper. Let X and Y be two random
variables. Then, X is smaller than Y in first-order stochastic dominance, denoted by X ≤st Y , if
P(X > t) ≤ P(Y > t) for all t ∈ R; it is in strict first-order stochastic dominance if also P(X > t) <
P(Y > t) for some t ∈ R. Moreover, X is smaller than Y in convex order, denoted by X ≤cx Y , if
E[φ(X)] ≤ E[φ(Y )] for all convex functions φ such that both expectations are finite. Throughout this paper,
the terms “convex” and “increasing” are both understood in the non-strict (weak) sense.

A random variable X follows a Pareto distribution with shape parameter α > 0 and scale parameter
θ > 0, denoted by X ∼ Pareto(α, θ), if its cumulative distribution function (CDF) is given by:

F (x) = 1−
(
θ

x

)α

, x ≥ θ.

Without loss of generality, in this paper we shall focus on Pareto(α, 1) random variables where α > 0, with
CDF

F (x) = 1−
(
1

x

)α

, x ≥ 1.

We will refer to this distribution using the shorthand notation Pareto(α).
A random vector X = (X1, . . . , Xn) is said to be comonotonic if there exists a random variable Z and

increasing functions t1, . . . , tn such that X
d
= (t1(Z), . . . , tn(Z)), where

d
= denotes equality in distribution.

Components in a comonotonic random vector can be interpreted as being perfectly positively dependent.
Throughout this paper, we will also use the following shorthand notations:

• ∆n = {(θ1, . . . , θn) ∈ [0, 1]n :
∑n

i=1 θi = 1},

• x ∧ y = min{x, y} for all x, y ∈ R,

• x+ = max{x, 0} for all x ∈ R.

4



3 Scheme [L]

We start by introducing the set of all linear risk allocations.

Definition 3.1 (Scheme [L]). Let the two-group conditions in Definition 1.1 hold. The scheme [L] is the
set of all risk allocations that take the form: Yi =

∑n
j=1 θijXj for all i = 1, . . . , n, where (θi1, . . . , θin) ∈ ∆n

for all i = 1, . . . , n, and (θ1j , . . . , θnj) ∈ ∆n for all j = 1, . . . , n. Symbolically, we can express the set as

A =

{
(Y1, . . . , Yn) : Yi =

n∑
j=1

θijXj for all i = 1, . . . , n,

with (θi1, . . . , θin) ∈ ∆n ∀i = 1, . . . , n, and (θ1j , . . . , θnj) ∈ ∆n ∀j = 1, . . . , n

}
.

Remark 3.2.

• A vector of losses Y = (Y1, . . . , Yn) ∈ A after risk sharing in the scheme [L] is called a linear
allocation.

• For notational convenience, we often suppress the first index in the subscript of θ, interpreting it as
fixed at a value in {1, . . . , n}.

• Requiring (θ1j , . . . , θnj) ∈ ∆n for all j = 1, . . . , n corresponds to enforcing the fully allocating property
in the scheme.

3.1 Risk allocations for finite-mean agents under Pareto distribution

A major result for the scheme [L] is that it is always better off, in the first-order stochastic dominance sense,
for finite-mean agents to not take any infinite-mean loss, when the losses are Pareto distributed. This result
is shown using the following lemma.

Lemma 3.3. Let the two-group conditions in Definition 1.1 hold with m = 1 and, moreover, assume that
X1 ∼ Pareto(α) with α > 1 and X2, . . . , Xn ∼ Pareto(β) with β ≤ 1. Then,

X1 ≤st

n∑
i=1

θiXi,

where (θ1, . . . , θn) ∈ ∆n.

Proof. We will prove this by induction. Consider the base case n = 2. The result holds trivially when
(θ1, θ2) = (1, 0). When (θ1, θ2) = (0, 1), the result follows from the fact that P(X1 > t) ≤ P(X2 > t) for all
t ∈ R, where X1 ∼ Pareto(α) with α > 1 and X2 ∼ Pareto(β) with β ≤ 1. So, henceforth assume that
θ1, θ2 ∈ (0, 1) with θ1 + θ2 = 1.

For all t < 1,
P(θ1X1 + θ2X2 > t) = 1 = P(X1 > t),

so the result holds in this case. Now fix any t ≥ 1 and let δ = (t − θ1)/θ2 = (t − 1 + θ2)/θ2 ≥ 1. Here, we
will use the inequality

P(θ1X1 + θ2X2 > t) ≥ P(X2 > δ) + P(X1 > t/θ1, X2 ≤ δ)

for all t ≥ 1, which is illustrated in Figure 1. Now consider:
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1 t

θ1

1

δ =
t− θ1
θ2

θ1X1 + θ2X2 = t

X2 > δ

X1 > t/θ1, X2 ≤ δ

X1

X2

Figure 1: A geometrical illustration of the inequality P(θ1X1 + θ2X2 > t) ≥ P(X2 > δ) +
P(X1 > t/θ1, X2 ≤ δ) for all t ≥ 1, where θ1, θ2 ∈ (0, 1) with θ1 + θ2 = 1.

P(θ1X1 + θ2X2 > t)− P(X1 > t) ≥ P(X2 > δ) + P(X1 > t/θ1, X2 ≤ δ)− P(X1 > t)

= P(X2 > δ) + P(X1 > t/θ1)P(X2 ≤ δ)− P(X1 > t)

= (1/δ)β + (θ1/t)
α
(
1− (1/δ)β

)
− (1/t)α

= (θ1/t)
α +

(
1− (θ1/t)

α
)︸ ︷︷ ︸

>0

(1/δ)β︸ ︷︷ ︸
≥1/δ

−(1/t)α

≥ 1

δ
+

θα1
tα

(
1− 1

δ

)
− 1

tα

=
θ2

t− θ1
+

θα1
tα

· t− 1

t− θ1
− 1

tα

=

(∗)︷ ︸︸ ︷
tαθ2 + θα1 (t− 1)− t+ θ1

tα(t− θ1)︸ ︷︷ ︸
>0

.

Note that (∗) = 0 when t = 1. Differentiating (∗) with respect to t, we have for all t > 1,

d

dt

(
tαθ2 + θα1 (t− 1)− t+ θ1

)
= α tα−1︸︷︷︸

≥1

θ2 + θα1︸︷︷︸
(1−θ2)α

−1

≥ αθ2 + 1− αθ2 − 1 (Bernoulli’s inequality)

= 0.

This implies that (∗) is increasing on [1,∞) as a function of t, hence P(θ1X1 + θ2X2 > t) − P(X1 > t) ≥ 0
for all t ≥ 1. This proves the base case.

After that, assume for induction that the case n = k holds, with k ≥ 2. Then consider the case n = k+1.
When θk+1 = 1, the result holds readily since P(X1 > t) ≤ P(Xk+1 > t) for all t ∈ R. When θk+1 = 0, the
result directly follows from the inductive hypothesis. So, from now on we assume that θk+1 ∈ (0, 1).

LetX∗ = 1
1−θk+1

(θ1X1+· · ·+θkXk). Then we can write θ1X1+· · ·+θk+1Xk+1 = (1−θk+1)X
∗+θk+1Xk+1.
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Since X∗ and Xk+1 are independent, after letting δ = (t− (1− θk+1))/θk+1 like the base case, we have

P(θ1X1 + · · ·+ θk+1Xk+1 > t)− P(X1 > t)

= P((1− θk+1)X
∗ + θk+1Xk+1 > t)− P(X1 > t)

≥ P(Xk+1 > δ) + P(X∗ > t/(1− θk+1))P(Xk+1 ≤ δ)− P(X1 > t)

≥ P(Xk+1 > δ) + P(X1 > t/(1− θk+1))P(Xk+1 ≤ δ)− P(X1 > t) (inductive hypothesis)

≥ 0 (using the same argument as the base case).

Thus the result holds for the case n = k + 1, completing the proof by induction.

Theorem 3.4. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1, . . . , Xm ∼
Pareto(α) with α > 1 and Xm+1, . . . , Xn ∼ Pareto(β) with β ≤ 1. Then,

θ1X1 + · · ·+ θm−1Xm−1 + (1− θ1 − · · · − θm−1)Xm ≤st

n∑
i=1

θiXi, (1)

for all (θ1, . . . , θn) ∈ ∆n.

Proof. When m = 1, the left-hand side of (1) reduces to X1. Therefore, the case where m = 1 follows readily
from Lemma 3.3. So, henceforth we assume m ≥ 2. For θm = · · · = θn = 0, the result holds trivially. Next,
fix any (θ1, . . . , θn) ∈ ∆n such that θm + · · · + θn = 1 − θ1 − · · · − θm−1 > 0. Applying Lemma 3.3 with
changes in labelling, we get

Xm ≤st

n∑
j=m

θj
1− θ1 − · · · − θm−1

Xj ,

which implies
(1− θ1 − · · · − θm−1)Xm ≤st θmXm + θm+1Xm+1 + · · ·+ θnXn.

For all i = 1, . . . ,m − 1, we trivially have θiXi ≤st θiXi. Hence, since X1, . . . , Xn are independent, by
stability of ≤st under convolution

2 (Denuit et al., 2005, Proposition 3.3.17) we have

θ1X1 + · · ·+ θm−1Xm−1 + (1− θ1 − · · · − θm−1)Xm ≤st

n∑
i=1

θiXi,

as desired.

The left-hand side of (1) can be interpreted as the risk allocation after reassigning all original weights for
infinite-mean losses to the loss Xm. If we required actuarial fairness for risk allocations of finite-mean agents
in the scheme [L], i.e., after risk sharing, each of them must have a loss with the same mean as before, then
it would be immediate that none of them can possibly take any infinite-mean losses in the scheme [L], as
that would result in a loss with an infinite mean after risk sharing. Thinking in this way, Theorem 3.4 can
be seen as a theoretical justification for imposing actuarial fairness for risk allocations of finite-mean agents
in the scheme [L].

By Theorem 3.4, we know that under Pareto distributions, finite-mean agents are better off not taking
any infinite-mean loss, meaning that the optimal risk-sharing rule in the scheme [L] must allocate finite-mean
losses to finite-mean agents. In the following, we will show that it is indeed optimal to allocate those losses
uniformly, i.e.,

Yi =
1

m

m∑
k=1

Xk

for all i = 1, . . . ,m. The following proposition suggests that this uniform risk sharing is attractive for
finite-mean agents.

2Stability of ≤st under convolution means that when Y1, . . . , Yn are independent and Z1, . . . , Zn are independent, if Yi ≤st Zi

for all i = 1, . . . , n, then
∑n

i=1 Yi ≤st
∑n

i=1 Zi.
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Proposition 3.5 (Denuit et al. (2005, Corollary 3.4.24)). Let X1, . . . , Xm be m iid random variables with
finite mean. Then,

1

m

m∑
k=1

Xk ≤cx

m∑
k=1

θkXk,

for all (θ1, . . . , θm) ∈ ∆m.

Remark 3.6.

• The two-group conditions in Definition 1.1 imply that the finite-mean losses X1, . . . , Xm are iid. Thus,
Proposition 3.5 is readily applicable under the two-group conditions.

• CMRS is equivalent to uniform risk sharing for iid finite-mean losses (Denuit and Dhaene, 2012), that
is:

E

[
Xi

∣∣∣∣∣
m∑

k=1

Xk

]
=

1

m

m∑
k=1

Xk,

for all i = 1, . . . ,m.

3.2 Pareto optimal risk-sharing rule [L*] under Pareto distribution

Section 3.1 shows that it is desirable to allocate finite-mean Pareto losses uniformly to finite-mean agents. In
such case, the only losses remaining to be allocated to infinite-mean agents are the iid infinite-mean Pareto
losses. In the case where only iid infinite-mean Pareto losses are to be shared, Chen et al. (2025b) show
that it is optimal for infinite-mean agents to retain their own losses, in the sense of first-order stochastic
dominance. In light of this, it is quite appealing to adopt a risk-sharing rule in which finite-mean agents
share their losses uniformly while infinite-mean agents retain their own losses, allowing finite-mean agents
to benefit in convex order without affecting infinite-mean agents. In this section, we are going to show that
this appealing risk-sharing rule is indeed Pareto optimal in the scheme [L]. For ease of referencing, we shall
name this risk-sharing rule as [L*]:

Definition 3.7 (Rule [L*]). The rule [L*] is the risk allocation with (i) uniform risk sharing among finite-
mean losses, and (ii) no risk sharing for infinite-mean agents in scheme [L], i.e., Yi = 1

m

∑m
k=1 Xk for all

i = 1, . . . ,m, and Yj = Xj for all j = m+ 1, . . . , n.

The concept of Pareto optimality is defined with respect to a particular preference relation. Since we have
shown some theoretical results about stochastic orders in Section 3.1, it is natural to consider a preference
related to stochastic orders, namely the first-order stochastic dominance ≤st and the convex order ≤cx. It is
clear by definition that the convex order is incompatible with infinite-mean losses. Moreover, (strict) first-
order stochastic dominance leads to a (strict) ordering in expectations, which makes it hard to unify with
the actuarial fairness property for finite-mean losses in risk sharing. Therefore, we will consider a preference
relation ⪯sc that is defined through ≤st or ≤cx, depending on whether the random variables in comparison
have finite mean or not.

Definition 3.8 (Preference ⪯sc). Let A denote the set of all possible allocations in the scheme [L] (see
Definition 3.1). For all allocations Y = (Y1, . . . , Yn) and Z = (Z1, . . . , Zn) in A, we have Yi ⪯sc Zi, i.e., Zi

is weakly preferred to Yi, if:{
Zi ≤cx Yi when Yi and Zi both have finite mean,

Zi ≤st Yi otherwise.

Remark 3.9. We define the corresponding strict preference ≺sc in a standard manner: For all i = 1, . . . , n,
Yi ≺sc Zi if Yi ⪯sc Zi and Zi ̸⪯sc Yi.

Using this preference relation, we can then define the notion of Pareto optimality and Pareto improvement
under ⪯sc as follows.

Definition 3.10 (Pareto improvement and Pareto optimality). A linear allocation Z ∈ A is a Pareto
improvement over another linear allocation Y ∈ A if
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1. Yi ⪯sc Zi for all i = 1, . . . , n, and

2. Yi ≺sc Zi for some i = 1, . . . , n

where Y = (Y1, . . . , Yn) and Z = (Z1, . . . , Zn). A linear allocation Y ∈ A is Pareto optimal in the scheme
[L] if there is no linear allocation Z ∈ A that is a Pareto improvement over Y .

With these definitions, we are now ready to prove that the rule [L*] is a Pareto optimal allocation in the
scheme [L] under ⪯sc.

Theorem 3.11. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1, . . . , Xm ∼
Pareto(α) with α > 1, and Xm+1, . . . , Xn ∼ Pareto(β) with β ≤ 1. Then, the rule [L*] is Pareto optimal in
the scheme [L] under ⪯sc.

Proof. Denote the risk allocation for the rule [L*] by Y = (Y1, . . . , Yn). Assume, for contradiction, that
there exists a Pareto improvement Z = (Z1, . . . , Zn) ∈ A over Y . For a contradiction, it suffices to show
that that Yi is weakly preferred to Zi, i.e., Zi ⪯sc Yi, for all i = 1, . . . , n.

By the assumption that Z is a Pareto improvement over Y , we have Yi ⪯sc Zi for all i = 1, . . . ,m.
Since Y1, . . . , Ym all have a finite mean, this forces Z1, . . . , Zm to all have a finite mean as well. To see this,
suppose on the contrary that Zi had an infinite mean for some i = 1, . . . ,m. Then, by the definition of ⪯sc,
we would have Zi ≤st Yi for some i = 1, . . . ,m, which would then imply

E[Zi] =

∫ ∞

0

SZi
(t) dt ≤

∫ ∞

0

SYi
(t) dt = E[Yi] < ∞,

where SYi
and SZi

are survival functions of Yi and Zi, respectively. This contradicts with the assumption
that Zi has infinite mean.

Consequently, according to the scheme [L], the θik’s for the infinite-mean losses Xm+1, . . . , Xn must be
zero for Z1, . . . , Zm. Hence, we can express them simply as

Zi =

m∑
k=1

θikXk,

for all i = 1, . . . ,m.
By the fully-allocating property from scheme [L], all finite-mean losses X1, . . . , Xm would then be ex-

hausted by finite-mean agents. So, in the allocation Z, only the infinite-mean losses Xm+1, . . . , Xn remain
to be shared among infinite-mean agents. In other words, we must have

Zj =

n∑
k=m+1

θjkXk,

for all j = m+ 1, . . . , n.
So far, we have established that (i) finite-mean losses must go to finite-mean agents and (ii) infinite-mean

losses must go to infinite-mean agents, in the allocation Z. With this separation, we can show our desired
result easily.

By Proposition 3.5, we have

Yi =
1

m

m∑
k=1

Xk ≤cx

m∑
k=1

θikXk = Zi,

for all i = 1, . . . ,m. By definition of ⪯sc, this implies that Zi ⪯sc Yi for all i = 1, . . . ,m. It then remains to
show that Zj ⪯sc Yj for all j = m+ 1, . . . , n as well. From Chen et al. (2025b, Theorem 1), we have

Yj = Xj ≤st

n∑
k=m+1

θjkXk = Zj ,

for all j = m+ 1, . . . , n. This implies that Zj ⪯sc Yj for all j = m+ 1, . . . , n, completing the proof.
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4 Scheme [FR]

The key idea in the scheme [FR] is to artificially “create” more iid finite-mean losses for constructing a risk-
sharing rule that is better than the rule [L*]. To do this, we will utilize two classical results from probability,
namely probability integral transform and inverse transform sampling. Let F−1 denote the generalized inverse
of a CDF F , which is given by F−1(p) = inf{x ∈ R : F (x) ≥ p}. The scheme [FR] is defined formally below.

Definition 4.1 (Scheme [FR]). Let the two-group conditions in Definition 1.1 hold, Fi denote the CDF
of Xi for all i = 1, . . . , n, Xfinite

j := F−1
1 (Fj(Xj)) for all j = m + 1, . . . , n, and Fj be continuous for all

j = m+ 1, . . . , n. The scheme [FR] is the set of all risk allocations with the following form:

Yi =

m∑
k=1

θikXk +

n∑
k=m+1

θikX
finite
k for all i = 1, . . . ,m,

and

Yj =

m∑
k=1

θjkXk +

n∑
k=m+1

θjkX
finite
k +

(
Xj −Xfinite

j

)
for all j = m+ 1, . . . , n,

where (θi1, . . . , θin) ∈ ∆n for all i = 1, . . . , n, and (θ1k, . . . , θnk) ∈ ∆n for all k = 1, . . . , n.

Remark 4.2.

• (Interpretation of Xfinite
j ) Under the two-group conditions, applying probability integral transform and

then inverse transform sampling, we know Xfinite
j

d
= X1 for all j = m+1, . . . , n, which implies that the

random variables X1, . . . , Xm, Xfinite
m+1 , . . . , X

finite
n are iid. Here we have separated each infinite-mean

loss Xj into a finite-mean portion Xfinite
j and the residual portion Xj−Xfinite

j . Through this separation,
we have increased the number of iid finite-mean losses from m in the risk-sharing rule [L*] to n here.
This gives us some insights on why the scheme [FR] can potentially allow us to construct a risk-sharing
rule that is even better than the rule [L*].

• For every j = m + 1, . . . , n, the finite-mean portion Xfinite
j and the original infinite-mean loss Xj are

comonotonic, because the composition F−1
1 ◦ Fj is increasing.

• The requirement (θ1k, . . . , θnk) ∈ ∆n for all k = 1, . . . , n again corresponds to enforcing the fully
allocating property in the scheme. The requirement (θi1, . . . , θin) ∈ ∆n for all i = 1, . . . , n can also be
found in the definition for the scheme [L] (Definition 3.1). It is again imposed here to allow for more
natural and fair comparisons between the schemes [FR] and [L]. A consequence of this requirement is
that the risk allocations for finite-mean agents always satisfy actuarial fairness, as θi1 + · · · + θin = 1
for all i = 1, . . . ,m.

• We have excluded the sharing of the residual portion Xj −Xfinite
j in the structure of the scheme [FR],

as sharing this infinite-mean portion may not be helpful for diversification, and our argument will
primarily focus on the finite-mean portion Xfinite

j .

4.1 Risk allocations for finite-mean agents

Like what was done in Section 3, we first investigate risk allocations for finite-mean agents. It turns out that
uniform risk sharing among the finite-mean losses is again optimal. But “uniform risk sharing” here carries a
different meaning from the one for the scheme [L], due to the availability of additional synthetic finite-mean
losses. Instead of just allocating the m original finite-mean losses uniformly, we will do that on all the n iid
finite-mean losses in the scheme [FR]. To be more precise, the uniform risk sharing for finite-mean agents is
given by

Yi =
1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
,

for all i = 1, . . . ,m. The optimality of this uniform risk sharing is then established by the following propo-
sition.
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Proposition 4.3. Let the two-group conditions in Definition 1.1 hold. Then, for all (θ1, . . . , θn) ∈ ∆n, we
have

1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
≤cx

m∑
k=1

θkXk +

n∑
k=m+1

θkX
finite
k ,

where Xfinite
k is defined in Definition 4.1.

Proof. It follows from Denuit et al. (2005, Corollary 3.4.24) since the losses X1, . . . , Xm, Xfinite
m+1 , . . . , X

finite
n

are iid.

By the definition of convex order, this result suggests that uniform risk sharing is the most preferred allo-
cation for every finite-mean, risk-averse agent, that is, an agent with a concave utility function. Specifically,
their expected utility is maximized under this allocation.

Particularly, setting θ1 = · · · = θm = 1/m and θm+1 = · · · = θn = 0 in Proposition 4.3 yields

1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
≤cx

1

m

m∑
k=1

Xk,

which shows that, for finite-mean agents, the uniform risk sharing here is better than the rule [L*]. This
prepares us to construct a risk-sharing rule in the scheme [FR], referred to as the rule [FR*], which is better
than the rule [L*].

4.2 Risk-sharing rule [FR*] under Pareto distribution

Definition 4.4 (Rule [FR*]). The rule [FR*] is the risk allocation given by

Yi =
1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
for all i = 1, . . . ,m,

and

Yj =
1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
+
(
Xj −Xfinite

j

)
for all j = m+ 1, . . . , n.

Remark 4.5. After risk sharing, the only difference between the loss of each infinite-mean agent j and that of
a finite-mean agent is the residual portionXj−Xfinite

j . Under the two-group conditions, ifX1 ≤st Xm+1, then

F−1
1 ≤ F−1

j and thus the residual portion Xj −Xfinite
j is always nonnegative. This condition X1 ≤st Xm+1

is particularly satisfied by Pareto losses: specifically, X1 ∼ Pareto(α) and Xm+1 ∼ Pareto(β) with α > 1
and β ≤ 1. This implies that every infinite-mean agent needs to bear a loss at least as large as that of a
finite-mean agent after risk sharing based on the rule [FR*], as one may expect.

To demonstrate that the rule [FR*] is attractive compared to the rule [L*], we again need to assume the
losses to be Pareto distributed, which leads to significant simplifications of the scheme [FR], mainly due to
the following result:

Lemma 4.6. For W ∼ Pareto(α) and X ∼ Pareto(β), it holds that

F−1
W (FX(X)) = Xβ/α,

where FW and FX are the CDF’s of W and X, respectively.

Proof. The CDF of W is given by FW (w) = 1 − w−α, w ≥ 1, and its inverse is given by F−1
W (p) =

(1− p)−1/α, 0 < p < 1. Furthermore, we have FX(X) = 1−X−β . Hence,

F−1
W (FX(X)) =

[
1− (1−X−β)

]−1/α
= Xβ/α.
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Thus, when we assume X1, . . . , Xm ∼ Pareto(α) with α > 1 and Xm+1, . . . , Xn ∼ Pareto(β) with β ≤ 1,
we can express the risk-sharing rule in the scheme [FR] as:

Yi =

m∑
k=1

θikXk +

n∑
k=m+1

θikX
β/α
k for all i = 1, . . . ,m,

and

Yj =

m∑
k=1

θjkXk +

n∑
k=m+1

θjkX
β/α
k +

(
Xj −X

β/α
j

)
for all j = m+ 1, . . . , n,

where (θi1, . . . , θin) ∈ ∆n for all i = 1, . . . , n, and (θ1k, . . . , θnk) ∈ ∆n for all k = 1, . . . , n.
In the scheme [L], we have examined the benefits of the rule [L*] by considering Pareto optimality with

respect to the preference ⪯sc, which is related to stochastic orders. Here, we will also examine the benefits
of the rule [FR*] through stochastic orders.

In Section 4.1, we have already shown that the rule [FR*] is better than [L*] for finite-mean agents.
To investigate whether the same holds for infinite-mean agents, a natural approach is to compare the risk
allocations for infinite-mean agents in these two rules via stochastic orders. Due to their infinite-mean nature,
the convex order ≤cx becomes obsolete. So, it then appears that we should consider the first-order stochastic
dominance ≤st. However, due to the strong requirement of ≤st and the complexity of the expressions here
(still rather complex even under Pareto distribution), it is quite difficult to analyze. With the inapplicability
of both ≤st and ≤cx, here we will instead utilize a heuristic argument under the two-group conditions in
Definition 1.1.

In the rule [L*], for each infinite-mean agent j, we can write Yj = Xj = Xfinite
j +(Xj −Xfinite

j ), hence the

post-risk-sharing “finite-mean portion” and “residual portion” in the rule [L*] are Xfinite
j and Xj −Xfinite

j ,
respectively. The argument then compares the behaviours of finite-mean and residual portions in the rules
[L*] and [FR*], by considering improvements in two aspects: (i) improvement for finite-mean portion and
(ii) improvement from diversification benefits.

Improvement for finite-mean portion. For this part, the Pareto distribution assumption is not yet
needed, so we would not impose this assumption for the moment. We will show that the finite-mean portion
of each infinite-mean loss improves in convex order after risk sharing. In other words, we will show that the
post-risk-sharing finite-mean portion for the rule [FR*], 1

n

(∑m
k=1 Xk +

∑n
k=m+1 X

finite
k

)
, is smaller than that

for the rule [L*], Xfinite
j , in convex order. This improvement indeed follows readily from Proposition 4.3, as

the following corollary suggests.

Corollary 4.7. Let the two-group conditions in Definition 1.1 hold. Then,

1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
≤cx Xfinite

j ,

for all j = m+ 1, . . . , n.

Proof. Setting the jth entry of (θ1, . . . , θn) in Proposition 4.3 as 1 and other entries as 0 yields the result.

Improvement from diversification benefits. We need to assume the Pareto distribution in this part,

so that we have the simplification Xfinite
j = X

β/α
j . We will show that, before risk sharing, the finite-mean

portion X
β/α
j and the residual portion Xj−X

β/α
j are comonotonic, which is considered the least favorable in

terms of diversification. Then, according to the rule [FR*], some losses that are independent from the residual

portion Xj − X
β/α
j would be mixed into the finite-mean portion after risk sharing, yielding diversification

benefits. The comonotonicity of X
β/α
j and Xj −X

β/α
j is established by the following result.

Proposition 4.8. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1, . . . , Xm ∼
Pareto(α) with α > 1 and Xm+1, . . . , Xn ∼ Pareto(β) with β ≤ 1. Then, (X

β/α
j , Xj −X

β/α
j ) is comonotonic

for all j = m+ 1, . . . , n.
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Proof. Define functions t1 and t2 on [1,∞) by t1(x) = xβ/α, and t2(x) = x− xβ/α. Note that the functions
t1 and t2 are increasing and

(X
β/α
j , Xj −X

β/α
j )

d
= (t1(Xj), t2(Xj)).

Hence, (X
β/α
j , Xj −X

β/α
j ) is comonotonic.

With these two improvements, the rule [FR*] is considered better than the rule [L*] for infinite-mean
agents.

Thus, in general, the rule [FR*] yields improvements over the rule [L*], as it is preferred by both finite-
mean and infinite-mean agents. Furthermore, this rule allows parts of infinite-mean losses to be shared,
unlike the rule [L*]. Therefore, we have constructed a risk-sharing rule [FR*] that permits management of
catastrophic infinite-mean Pareto losses, while still being beneficial to all the agents. In Section 5, we will
investigate another possible construction of such a risk-sharing rule.

5 Scheme [LS]

In this section, we study an alternative scheme to the scheme [FR]. Similar to the scheme [FR], the scheme
[LS] involves the separation of infinite-mean losses, but they are instead decomposed into limited-loss variables
and stop-loss variables, which may be more natural and familiar to practitioners.

Definition 5.1 (Scheme [LS]). Let the two-group conditions in Definition 1.1 hold, and d ∈ R be a value
such that E[Xm+1 ∧ d] = E[X1], which exists by the continuity of the mapping d 7→ E[Xm+1 ∧ d] and the
Intermediate Value Theorem. Then the scheme [LS] is the set of all risk allocations which take the following
form:

Yi =

m∑
k=1

θikXk +

n∑
k=m+1

θik(Xk ∧ d) for all i = 1, . . . ,m,

and

Yj =

m∑
k=1

θjkXk +

n∑
k=m+1

θjk(Xk ∧ d) + (Xj − d)+ for all j = m+ 1, . . . , n,

where (θi1, . . . , θin) ∈ ∆n, for all i = 1, . . . , n, and (θ1k, . . . , θnk) ∈ ∆n for all k = 1, . . . , n.

Remark 5.2.

• The value d is set such that each limited loss variable Xj ∧ d has the same mean as the original finite-
mean loss Xi. The intuitive idea is that, while this way of separation cannot make them equal in
distribution like the scheme [FR], such choice of d can at least make them comparable by requiring
equality in mean.

• The requirements (θ1k, . . . , θnk) ∈ ∆n for all k = 1, . . . , n and (θi1, . . . , θin) ∈ ∆n for all i = 1, . . . , n
are familiar and have appeared in the definitions of both schemes [L] and [FR]. The former is again
enforcing the fully allocating property in the scheme [LS]. Due to how the value of d is chosen, the latter
requirement implies that the risk allocations for finite-mean agents always satisfy actuarial fairness,
like the scheme [FR].

A general closed-form formula for d in Definition 5.1 is not available because the situation described
therein is quite general. However, under the special case where the losses are Pareto distributed, a formula
for d can be derived easily. Such formula will be helpful for numerical computations related to the scheme
[LS]; see, e.g., Section 6.2.

Proposition 5.3. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1, . . . , Xm ∼
Pareto(α) with α > 1 and Xm+1, . . . , Xn ∼ Pareto(β) with β ≤ 1. Then, the value of d in the scheme [LS]
is given by

d =


[
1 +

(
α

α− 1
− 1

)
(−β + 1)

]1/(−β+1)

if β ∈ (0, 1),

exp

(
α

α− 1
− 1

)
if β = 1.
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Proof. Note that

E[Xm+1 ∧ d] =

∫ d

0

P(Xm+1 > t) dt =

∫ 1

0

P(Xm+1 > t) dt+

∫ d

1

(
1

t

)β

dt =

1 +
d−β+1 − 1

−β + 1
if β ∈ (0, 1),

1 + ln d if β = 1.

Solving E[Xm+1 ∧ d] = E[X1] =
α

α− 1
for d yields the desired result.

5.1 Risk allocation for finite-mean agents

Apart from having a more intuitively appealing separation, another major motivation for studying the scheme
[LS] is that uniform risk sharing for finite-mean agents is better in the scheme [LS] than in the scheme [FR]
if X1 ≤st Xm+1, which is satisfied when the losses are Pareto distributed. Here, “uniform risk sharing” again
carries a different meaning from the other schemes; it refers to the following risk allocation:

Yi =
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

,

for all i = 1, . . . ,m.
The proof of our claim about the improvement of uniform risk sharing in the scheme [LS] over that in

the scheme [FR] is based on the following lemma.

Lemma 5.4. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1 ≤st Xm+1
3.

Then, it holds that

Xj ∧ d ≤cx Xfinite
j

d
= X1,

for all j = m+ 1, . . . , n, where Xfinite
j is defined in Definition 4.1.

Proof. Let FXj∧d and F1 be the CDF’s of Xj ∧ d and X1, respectively. Since X1 ≤st Xm+1, we have
FXj∧d(t) ≤ F1(t) for all t < d. Also, for all t > d, it is clear that F1(t) ≤ 1 = FXj∧d(t). Then the result
follows by Ohlin (1969, Lemma 2), since E[Xj ∧ d] = E[X1] by construction of d.

Using this lemma, we can prove our claim straightforwardly.

Proposition 5.5. Let the two-group conditions in Definition 1.1 hold and, moreover, assume that X1 ≤st

Xm+1. Then,

1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

 ≤cx
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xfinite
j

,

where Xfinite
j is defined in Definition 4.1.

Proof. By Lemma 5.4, we have Xj ∧ d ≤cx Xfinite
j for all j = m+ 1, . . . , n. Then, by stability of ≤cx under

convolution, we have

1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

 ≤cx
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xfinite
j

,

as desired.

3The condition X1 ≤st Xm+1 is satisfied if X1 ∼ Pareto(α) and Xm+1 ∼ Pareto(β) with α > 1 and β < 1.
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5.2 Risk-sharing rule [LS*]

Similar to what we did for the scheme [FR], in the scheme [LS] we will again construct a risk-sharing rule,
called rule [LS*], that yields an improvement over the rule [L*] and also allows parts of infinite-mean losses
to be shared. The rule [LS*] has a similar structure to that of the rule [FR*]:

Definition 5.6 (Rule [LS*]). The rule [LS*] is the risk allocation given by

Yi =
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

 for all i = 1, . . . ,m,

and

Yj =
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

+ (Xj − d)+ for all j = m+ 1, . . . , n.

For finite-mean agents, we know from Proposition 5.5 that the rule [LS*] is better than the rule [FR*] in
convex order, and from Section 4.1 that the rule [FR*] is in turn better than the rule [L*] in convex order.
The transitivity of convex order implies that the rule [LS*] yields an improvement over the rule [L*] for
finite-mean agents. It remains to argue that the same holds true for infinite-mean agents as well.

Here, as in the discussion on the rule [FR*], we will show the benefits by considering the two improvements
investigated previously in Section 4.2: (i) improvement for finite-mean portion and (ii) improvement from
diversification benefits, under the two-group conditions in Definition 1.1. By writing Yj = Xj = Xj ∧ d +
(Xj − d)+ for each infinite-mean agent j in the rule [L*], we can treat the post-risk-sharing “finite-mean
portion” and “residual portion” for the rule [L*] as Xj ∧ d and (Xj − d)+, respectively.

Improvement for finite-mean portion. Variance will be used as the criterion for showing this
improvement. More specifically, we will show that the variance of the post-risk-sharing finite-mean portion
for the rule [LS*], Var

(
1
n

(∑m
k=1 Xk +

∑n
k=m+1 Xk ∧ d

))
, is smaller than that for the rule [L*], Var(Xj ∧ d).

The following result gives a lower bound on n for having an improvement in variance, given a fixed m.

Proposition 5.7. Let the two-group conditions in Definition 1.1 hold with Var(X1) and Var(Xm+1 ∧ d)
being positive, and fix a positive integer m that is less than n. Moreover, assume that X1 ≤st Xm+1. Then,
Var(Xm+1 ∧ d) ≤ Var(X1). Also, for all j = m+ 1, . . . , n,

Var

(
1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xk ∧ d

))
≤ Var(Xj ∧ d)

if and only if the positive integer n satisfies n ≥ 1
2

(
1 +

√
1 + 4m

(
Var(X1)

Var(Xm+1∧d) − 1
))

.

Proof. Let σ2
fin and σ2

lim denote Var(X1) and Var(Xm+1 ∧ d), respectively. First, Lemma 5.4 implies that
σ2
fin ≥ σ2

lim, which follows from a standard property of the convex order ≤cx. Next, for all j = m+ 1, . . . , n,
we have

Var

(
1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xk ∧ d

))
≤ Var(Xj ∧ d)

⇐⇒ 1

n2

[
mσ2

fin + (n−m)σ2
lim

]
≤ σ2

lim

⇐⇒ m

n2
σ2
fin ≤ n2 − n+m

n2
σ2
lim

⇐⇒ m

n2 − n+m
≤ σ2

lim

σ2
fin

⇐⇒ n2 − n+m ≥ mσ2
fin

σ2
lim

⇐⇒ n2 − n−m

(
σ2
fin

σ2
lim

− 1

)
≥ 0.
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Since σ2
fin ≥ σ2

lim, the discriminant of the quadratic polynomial n2 − n−m

(
σ2
fin

σ2
lim

− 1

)
is

∆ = (−1)2 − 4(1)

[
−m

(
σ2
fin

σ2
lim

− 1

)]
= 1 + 4m

(
σ2
fin

σ2
lim

− 1

)
≥ 1 + 4m(1− 1) ≥ 1 > 0.

Then, we consider the quadratic equation

n2 − n−m

(
σ2
fin

σ2
lim

− 1

)
= 0.

Using the quadratic formula, this yields

n =
1±

√
∆

2
.

Since 1−
√
∆

2 ≤ 1−1
2 = 0 and the coefficient of n2 in the quadratic equation is positive, we have

n2 − n−m

(
σ2
fin

σ2
lim

− 1

)
≥ 0 ⇐⇒ n ≥ 1 +

√
∆

2
=

1

2

[
1 +

√
1 + 4m

(
σ2
fin

σ2
lim

− 1

)]
,

as n is always positive, completing the proof.

Remark 5.8. When m is small and Var(X1) is not much greater than Var(Xm+1 ∧ d) (which is typically the
case), the lower bound on n would not be too large, and thus this is not an asymptotic result. For example,
suppose that m = 3 and Var(X1) = 8Var(Xm+1 ∧ d). Then, the lower bound on n is just

1

2

(
1 +

√
1 + 4m

(
Var(X1)

Var(Xm+1 ∧ d)
− 1

))
=

1

2

(
1 +

√
1 + 4(3)(8− 1)

)
=

1

2

(
1 +

√
85
)
≈ 5.1098,

so this inequality on the variances holds whenever the positive integer n is at least 6. That is, as long as
there are at least 3 more infinite-mean agents joining the pool, there is an improvement in variance for the
finite-mean portion.

Improvement from diversification benefits. In the rule [LS*], note first that the finite-mean and
residual portions before risk sharing, Xj ∧ d and (Xj − d)+, are comonotonic for all j = m + 1, . . . , n,
because both are increasing functions of Xj . Like the rule [FR*], the rule [LS*] adds some losses that are
independent from the residual portion (Xj − d)+ into the finite-mean portion after risk sharing, which gives
us some diversification benefits by deviating from the least favorable case (comonotonicity).

With these two improvements, the rule [LS*] is considered better than the rule [L*] for infinite-mean
agents. Hence, besides the rule [FR*], we have constructed another risk-sharing rule [LS*] that can serve as
an alternative to having no risk sharing in the context of catastrophic risk management.

In addition to mutually benefiting both finite-mean and infinite-mean agents and handling infinite-mean
losses, the rule [LS*] has some additional benefits over the rule [FR*], from both the theoretical and practical
aspects. Theoretically, the rule [LS*] benefits finite-mean agents more than the rule [FR*]. From a practical
perspective, the rule [LS*] should be more understandable to practitioners.

6 Numerical studies

6.1 Illustration for first-order stochastic dominance in the scheme [L]

The first-order stochastic dominance from Theorem 3.4 suggests that, with X1, . . . , Xm ∼ Pareto(α) for
α > 1 and Xm+1, . . . , Xn ∼ Pareto(β) for β ≤ 1, we have

P(θ1X1 + · · ·+ θm−1Xm−1 + (1− θ1 − · · · − θm−1)Xm > t) ≤ P

(
n∑

i=1

θiXi > t

)
,
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Figure 2: Plots of survival functions for the expressions P(θ1X1 + · · ·+ θm−1Xm−1 + (1− θ1 − · · · − θm−1)Xm > t)
and P(

∑n
i=1 θiXi > t) from Theorem 3.4, with m = 3, n = 5, θ1 = 0.1, θ2 = 0.15, θ3 = 0.2, θ4 = 0.15,

θ5 = 0.4, and different combinations of α (vertical) and β (horizontal). In each plot, the solid curve is
always below the dashed curve, which is consistent with the first-order stochastic dominance suggested in
Theorem 3.4. The plots are obtained by simulation.

for all t ∈ R. Hence, when we plot these survival functions, the left-hand one should always lie below the
right-hand one. To illustrate this numerically, we first fix the parameters at specific values and then plot the
corresponding survival functions, obtained from a large number of simulations. The plots illustrating the
survival functions for different combinations of α and β can be found in Figure 2.

We find that all plots in Figure 2 are consistent with the first-order stochastic dominance in Theorem 3.4.
Furthermore, when we vary the parameters α and β, the magnitude of the differences between the survival
functions varies. This indicates that the benefits from redistributing all original weights for infinite-mean
losses to the loss Xm for finite-mean agents depend on the parameters α and β of the underlying Pareto
distributions.

By comparing the plots in Figure 2, we observe that the differences between the survival functions shrink
when the shape parameter α for the finite-mean Pareto loss is closer to the shape parameter β for the
infinite-mean Pareto loss. In each row of Figure 2, the plot on the right, where α and β are closer, shows
a smaller difference than the plot on the left. In each column of Figure 2, the upper plot, where α and β
are closer, again shows a smaller difference than the plot below. An intuitive reason for the appearance of
this pattern is that the distributions Pareto(α) and Pareto(β) become more similar as α and β get closer,
thereby reducing the impact of redistributing the weights.
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Figure 3: Plot of standard deviations of Yi for a finite-mean agent i, with n = 2 and different values of α,
under the Pareto distribution and the setting in the scheme [FR]. The standard deviations are independent
of the choice of the infinite-mean Pareto loss parameter β.

6.2 Illustration for convex orders for the rules [FR*] and [LS*]

For the rule [FR*], it follows from Proposition 4.3 that the following convex-order relationship holds for a
finite-mean agent i:

1

n

(
m∑

k=1

Xk +

n∑
k=m+1

Xfinite
k

)
≤cx

m∑
k=1

θkXk +

n∑
k=m+1

θkX
finite
k ,

which implies that the standard deviation of the loss after uniform risk allocation should be minimal. To
illustrate this feature numerically, we use Pareto losses with n = 2 as an example: X1 ∼ Pareto(α) with
α > 2 and X2 ∼ Pareto(β) with β ≤ 1. Under Pareto distributions, closed-form formulas for the standard
deviations of these expressions are available if α > 2; see, e.g., Klugman et al. (2019). The plot for the
standard deviations with different values of α can be found in Figure 3.

As expected, the plot is consistent with the fact that the standard deviation of the risk allocation is
always minimized at θ1 = 0.5, corresponding to the uniform risk allocation. Also, we can see that the graphs
corresponding to higher α are “flatter”, which indicates that the variations in standard deviations as θ1
changes becomes smaller when α increases. This occurs because as α increases, the standard deviation of a
Pareto(α) loss decreases, thereby reducing the absolute magnitude of the variations in standard deviation.

Next, we investigate the following convex-order relationship between the risk allocation for a finite-mean
agent in the rules [LS*] and [FR*] from Proposition 5.5:

1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xj ∧ d

 ≤cx
1

n

 m∑
i=1

Xi +

n∑
j=m+1

Xfinite
j

.

This implies that the standard deviation of the risk allocation for the rule [LS*] is smaller than that for
the rule [FR*]. To illustrate this difference, again we will take Pareto losses with α > 2 as an example
and compare the standard deviations for these expressions with different values of parameters. Closed-form

18



5 10 15 20 25 30

0
.0

0
.2

0
.4

0
.6

α

s
ta

n
d
a
rd

 d
e
v
ia

ti
o
n

Rule [FR*]

Rule [LS*]

Figure 4: Comparison between standard deviations of the risk allocations for a finite-mean agent, for the
rules [FR*] and [LS*], with m = 3, n = 5, β = 0.5, and different α. The formula in Proposition 5.3 is utilized
for computing the value of d for every α. While the standard deviation of the risk allocation for the rule
[LS*] depends on β, the changes in the standard deviation from varying β are tiny and hardly observable
visually, thus we choose not to include this factor in the plot.

formulas for these expressions are again available under Pareto distribution; see, e.g., Klugman et al. (2019).
The plot for comparing the standard deviations can be found in Figure 4.

As expected, the standard deviation of the expression for the rule [LS*] is always smaller than that for the
rule [FR*]. Furthermore, as α increases, the standard deviations of both expressions drop, and the absolute
difference between the standard deviations reduces. However, the standard deviations actually have similar
relative difference when α changes, as seen in Figure 5.

6.3 Quantile comparisons for the rules [L*], [FR*], and [LS*]

In previous sections we have used stochastic orders to compare the rules [L*], [FR*], and [LS*]. Here we
will use a different tool for the comparison, namely the quantile function. Since analytical treatment of
the quantile function is quite challenging, we resort to numerical investigations. Instead of the probabilistic
functions that are more commonly used in numerical illustrations, like CDF and density function, we consider
the quantile function here due to its foundational role for the scheme [FR], in which synthetic finite-mean
losses are generated via quantile functions. For all numerical illustrations in Section 6.3, we always work
under the Pareto distribution, with the shape parameters α = 2 for finite-mean Pareto losses, and β = 0.7
for infinite-mean Pareto losses.

First, we provide a preliminary numerical illustration to gain a basic understanding of how the two types
of “synthetic” finite-mean losses Xfinite

j (from the scheme [FR]) and Xj ∧ d (from the scheme [LS]) differ in

nature based on their quantile functions. The quantile functions of Xj ∧ d and Xfinite
j , for an infinite-mean

agent j, are plotted in Figure 6. We observe that the two quantile functions intersect at a single point, apart
from the initial intersection at p = 0. Furthermore, by construction, the limited loss variable Xj ∧ d has a
maximum value of d, so its quantile function is capped at d. In contrast, the quantile function for Xfinite

j

is unbounded. In this regard, the loss Xj ∧ d may be seen as having a less heavy tail than Xfinite
j when we
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Figure 5: Plot of relative difference between standard deviations (s.d.) of the risk allocation for a finite-
mean agent, for the rules [FR*] and [LS*], with m = 3, n = 5, β = 0.5, and different α. The formula in
Proposition 5.3 is utilized for computing the value of d for every α. Here, the relative difference is computed
by the formula |σFR−σLS|/σLS where σFR and σLS denote the s.d. for the rules [FR*] and [LS*] respectively.

associate the tail heaviness with the values taken by the quantile function for input probabilities approaching
1.

Second, we compare the risk allocation for an infinite-mean agent j across the three rules [L*], [FR*],
and [LS*]. Here, we set m = 3 and n = 5, and then compare the quantile functions of the following
three allocations from the three rules for an infinite-mean agent j (which is agent 4 or 5). For notational
convenience, below we add extra superscripts for the Yj ’s to identify the rule in consideration.

• Rule [L*]: Y L
j = Xj ,

• Rule [FR*]: Y FR
j = 1

5 (X1 +X2 +X3 +Xfinite
4 +Xfinite

5 ) + (Xj −Xfinite
j ),

• Rule [LS*]: Y LS
j = 1

5 (X1 +X2 +X3 +X4 ∧ d+X5 ∧ d) + (Xj − d)+.

In Figure 7, we plot the ratios between two pairs of quantiles, namely the ratio between the quantiles of
Y FR
j and Y LS

j , and that between the quantiles of Y LS
j and Y L

j . These ratios provide an impression of the
potential benefits offered by the rules [FR*] and [LS*]. A common characteristic shared in the two ratio
plots is that the ratio approaches 1 as the input probability gets close to 1, demonstrating the similarity of
the tail behaviours of the three quantiles. Besides, we can observe that both ratio plots cross the value 1 at
a certain input probability p, with the ratio being higher (lower) than 1 when the input probability is below
(above) p. Hence, when assessing the three rules based on quantiles, none of them is the “universally best”
one in the sense of having the smallest quantile for every input probability p. Indeed, since tail behaviours
often receive the most attention for risk management purposes, the similarity in their tail behaviours may
lead to similar preferences for all three risk-sharing rules.
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infinite-mean Pareto loss, and α = 2. The value of d is calculated by the formula in Proposition 5.3.

7 Conclusion

This paper explores three P2P risk-sharing schemes: [L], [FR], and [LS]. The latter two schemes are non-
linear in nature, which allows us to construct two risk-sharing rules, [FR*] and [LS*], that yield improvements
over the rule [L*], which is Pareto optimal in the scheme [L]. To summarize and illustrate the findings in
this paper, we present our key results graphically in Figure 8.

The common theme across these three risk-sharing rules is the application of uniform risk sharing, but
applied to different groups of losses for these three rules. While the rule [L*] only involves the original
finite-mean losses, the rules [FR*] and [LS*] also involve additional finite-mean losses, which are generated
in two distinct ways: The additional finite-mean losses for the rule [FR*] are Xfinite

m+1 , . . . , X
finite
n , obtained

via probability integral transform and inverse transform sampling, whereas the additional losses for the rule
[LS*] are Xm+1 ∧ d, . . . ,Xn ∧ d, which are capped infinite-mean losses.

The rule [LS*] outperforms the rule [FR*] for finite-mean agents in convex order, as demonstrated in
Proposition 5.5. Together with the more understandable separation of infinite-mean losses in the scheme
[LS], the rule [LS*] is considered the most appealing choice among the three rules. After applying the rule
[LS*] to a P2P risk-sharing agreement, participation from both finite-mean and infinite-mean agents becomes
appealing.

Finally, we discuss some limitations of this paper. First, many results in this paper are based on the
assumption that the losses are Pareto distributed. Therefore, when applying the approaches discussed
in this paper to catastrophic risk management, one needs to assess whether the Pareto loss assumption is
reasonable by carefully analyzing the specific context. Extending these results beyond the Pareto distribution
is an interesting direction for future research. Second, heuristic arguments are used to demonstrate the
improvements of the rules [FR*] or [LS*] over the rule [L*] for infinite-mean agents. Such arguments are not
always conclusive, and future work could focus on providing more rigorous analytical justifications.
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Figure 7: Comparison between quantile functions of the risk allocations for an infinite-mean agent j for the
three rules [L*], [FR*], and [LS*], namely Y L

j , Y FR
j , and Y LS

j respectively, with α = 2, β = 0.7, m = 3, and
n = 5, through two plots of quantile ratios. The value of d is calculated by the formula in Proposition 5.3.
The plots are obtained by simulation.

22



Rule [L*]

(Pareto optimal in
scheme [L] under
⪯sc)

Rule [FR*]

Rule [LS*]

improve in: ≤cx,
diversification

improve in: ≤cx,
variance, diversifi-
cation

improve for finite-
mean agents, in
≤cx

Figure 8: Illustration of the key results of this paper.

Acknowledgements

The authors would like to thank the handling editor (Prof. Runhuan Feng) and the two anonymous reviewers
for their helpful comments and suggestions. Ka Long Chiu acknowledges the HKU Foundation and the
Faculty of Science, HKU for the support of funding.

Disclosure statement

No potential competing interests are reported by the authors.

References

Abdikerimova, S., T. J. Boonen, and R. Feng (2024). Multiperiod peer-to-peer risk sharing. Journal of Risk
and Insurance 91 (4), 943–982.

Abdikerimova, S. and R. Feng (2022). Peer-to-peer multi-risk insurance and mutual aid. European Journal
of Operational Research 299 (2), 735–749.

Arab, I., T. Lando, and P. E. Oliveira (2025). Convex combinations of random variables stochastically domi-
nate the parent for a new class of heavy tailed distributions. Electronic Communications in Probability 30,
1–11.

Arrow, K. J. (1963). Uncertainty and the welfare economics of medical care. The American Economic
Review 53 (5), 941–973.

Chen, Y., P. Embrechts, and R. Wang (2025a). Risk exchange under infinite-mean pareto models. Insurance:
Mathematics and Economics 124, 103131.

Chen, Y., P. Embrechts, and R. Wang (2025b). An unexpected stochastic dominance: Pareto distributions,
dependence, and diversification. Operations Research 73 (3), 1336–1344.

Chen, Y., T. Hu, R. Wang, and Z. Zou (2025). Diversification for infinite-mean pareto models without risk
aversion. European Journal of Operational Research 323 (1), 341–350.

Chen, Y. and S. Shneer (2026). Risk aggregation and stochastic dominance for a class of heavy-tailed
distributions. ASTIN Bulletin 56 (1), 206–219.

Chen, Y. and R. Wang (2025). Infinite-mean models in risk management: Discussions and recent advances.
Risk Sciences 1, 100003.

23



Cui, H., K. S. Tan, and F. Yang (2021). Diversification in catastrophe insurance markets. ASTIN Bul-
letin 51 (3), 753–778.

Denuit, M. and J. Dhaene (2012). Convex order and comonotonic conditional mean risk sharing. Insurance:
Mathematics and Economics 51 (2), 265–270.

Denuit, M., J. Dhaene, M. Goovaerts, and R. Kaas (2005). Actuarial Theory for Dependent Risks: Measures,
Orders and Models (1 ed.). Wiley.

Denuit, M. and C. Y. Robert (2023). From risk reduction to risk elimination by conditional mean risk sharing
of independent losses. Insurance: Mathematics and Economics 108, 46–59.

Embrechts, P., S. I. Resnick, and G. Samorodnitsky (1999). Extreme value theory as a risk management
tool. North American Actuarial Journal 3 (2), 30–41.

Feng, R., C. Liu, and S. Taylor (2023). Peer-to-peer risk sharing with an application to flood risk pooling.
Annals of Operations Research 321 (1-2), 813–842.

Ibragimov, R., D. Jaffee, and J. Walden (2009). Nondiversification traps in catastrophe insurance markets.
The Review of Financial Studies 22 (3), 959–993.

Kaas, R., M. Goovaerts, J. Dhaene, and M. Denuit (2008). Modern Actuarial Risk Theory (2 ed.). Springer
Berlin Heidelberg.

Klugman, S. A., H. H. Panjer, and G. E. Willmot (2019). Loss Models: From Data to Decisions (5 ed.).
Wiley Series in Probability and Statistics. Wiley.

Müller, A. (2025). Some remarks on the effect of risk sharing and diversification for infinite mean risks.
ASTIN Bulletin 55 (3), 747–756.

Ohlin, J. (1969). On a class of measures of dispersion with application to optimal reinsurance. ASTIN
Bulletin 5 (2), 249–266.

Sheremet, O. and A. Lucas (2009). Global loss diversification in the insurance sector. Insurance: Mathematics
and Economics 44 (3), 415–425.

Tavanaie Marvi, M. and D. Linders (2021). Decomposition of natural catastrophe risks: Insurability using
parametric CAT bonds. Risks 9 (12), 215.

Wu, Y.-C. (2020). Equilibrium in natural catastrophe insurance market under disaster-resistant technologies,
financial innovations and government interventions. Insurance: Mathematics and Economics 95, 116–128.

24


	Introduction
	Preliminaries
	Scheme [L]
	Risk allocations for finite-mean agents under Pareto distribution
	Pareto optimal risk-sharing rule [L*] under Pareto distribution

	Scheme [FR]
	Risk allocations for finite-mean agents
	Risk-sharing rule [FR*] under Pareto distribution

	Scheme [LS]
	Risk allocation for finite-mean agents
	Risk-sharing rule [LS*]

	Numerical studies
	Illustration for first-order stochastic dominance in the scheme [L]
	Illustration for convex orders for the rules [FR*] and [LS*]
	Quantile comparisons for the rules [L*], [FR*], and [LS*]

	Conclusion

