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Abstract
We propose a novel deep learning approach to nonparametric statistical inference for the conditional hazard 
function of survival time with right-censored data. We use a deep neural network (DNN) to approximate the 
logarithm of a conditional hazard function given covariates and obtain a DNN likelihood-based estimator of the 
conditional hazard function. Such an estimation approach enhances model flexibility and hence relaxes 
structural and functional assumptions on conditional hazard or survival functions. We establish the 
nonasymptotic error bound and functional asymptotic normality of the proposed estimator. Subsequently, we 
develop new one-sample tests for goodness-of-fit evaluation and two-sample tests for treatment comparison. 
Notably, we design a new test specifically tailored for testing nonparametric Cox models. The consistency of 
these tests is established by analyzing the power functions. Both simulation studies and real application 
analysis show superior performances of the proposed estimators and tests in comparison with existing methods.
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1 Introduction
Censored data are often encountered in many fields such as econometrics, biology, social sciences, 
and clinical trials. Right censoring is the most typical mechanism in survival analysis. For example, 
in the Study to Understand Prognoses and Preferences for Outcomes and Risks of Treatment 
(SUPPORT) (Knaus et al., 1995), seriously ill patients from five tertiary care academic centers 
across the United States were followed for a 180-day period during 1989–1991 and 1992– 
1994. The exact survival time of subjects who died during the follow-up period was recorded, 
while those who exited the study alive were treated as right-censored. Commonly used semipara
metric models for survival data include the Cox proportional hazards (PH) model (Andersen & 
Gill, 1982; Cox, 1972, 1975), the accelerated failure time (AFT) model (Buckley & James, 
1979; Tsiatis, 1990; Wei et al., 1990), and the additive hazards (AH) model (Aalen, 1980; Cox 
& Oakes, 1984; Lin & Ying, 1994; Mckeague & Sasieni, 1994). Furthmore, there are some stud
ies on the time-varying coefficient Cox model. For example, Cai et al. (2008) proposed a partial 
linear hazard regression model with a pseudo-partial likelihood estimation method, providing a 
theoretically robust and empirically validated approach for flexible and efficient multivariate sur
vival data analysis; Yan and Huang (2012) developed an adaptive group lasso method that 
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simultaneously selects important variables and determines whether their effects are time- 
independent or time-varying.

However, most of the existing methods impose structural and functional assumptions on con
ditional hazards or conditional distributions of survival time, which may lead to unreliable and 
even spurious inference and prediction results when the underlying model assumptions are not sat
isfied. For hypothesis testing in survival analysis, Fleming and Harrington (1991) and Klein and 
Moeschberger (2003) provided comprehensive reviews of one-sample and two-sample tests, in
cluding the Kolmogorov–Smirnov test, log-rank test, and a class of linear rank tests. These tests 
do not consider conditional survival functions and thus cannot be used for testing or comparing 
conditional survival functions. When covariate effects are involved, most goodness-of-fit tests 
focus on evaluating the assumptions of the popular Cox model (Fox & Weisberg, 2019; 
Grambsch & Therneau, 1994; Hosmer et al., 2008; May & Hosmer, 1998).

Rapid growth in computational power and developments of machine learning tools open up a 
myriad of new possibilities for data analysis, which enable us to build sumptuous extensions on trad
itional approaches. Examples of deep learning applications include computer vision (Krizhevsky 
et al., 2012; Russakovsky et al., 2015), natural language processing (Wu et al., 2016), and reinforce
ment learning (Silver et al., 2016; van Otterlo & Wiering, 2012). Refer to Chakraborty et al. (2017), 
Murdoch et al. (2019) and Rudin (2019) for details on interpretability of neural networks. There 
have also been interesting works on applications of deep learning in survival analysis. For example, 
the random survival forest (RSF) (Ishwaran et al., 2008) uses the log-rank test as a splitting rule to 
construct decision trees and estimate cumulative hazards by aggregating the cumulative hazard func
tions of leaf nodes across the ensemble. DeepHit (Lee et al., 2018) leverages deep neural networks 
(DNNs) to directly estimate the cumulative incidence function (CIF) for time-to-event outcomes. 
DeepSurv (Katzman et al., 2018) extends the Cox PH model by using deep neural networks to cap
ture nonlinear relationships, while the PH assumption is required. However, none of the these meth
ods have studied the asymptotic properties of the estimators.

Kvamme et al. (2019) extended the Cox model using neural networks and constructed an ap
proximated partial log-likelihood for estimation. Sun et al. (2020) combined the Cox PH model 
and the deep learning framework to propose a survival prediction method for analyzing 
high-dimensional data. Survival stacking, introduced by Craig et al. (2021), reformulates survival 
problems as classification problems by reshaping survival data. However, different from the Cox 
model, survival stacking does not require the PH assumption, as the flexibility of the model de
pends on the choice of the classification method. More recently, Zhong et al. (2021, 2022) pro
vided a comprehensive literature review on combining DNN and survival analysis methods, 
and developed DNN approaches for a partly linear Cox model and a general class of hazards mod
els; and more references on deep survival analysis can be found therein. Wolock et al. (2024) pro
posed a decomposition-based conditional survival function estimation framework, which 
mitigates the complexity involved in directly dealing with censoring and truncation. Tarkhan 
and Simon (2023) introduced a scalable survival analysis framework based on a modified Cox 
PH model, which uses stochastic gradient descent (SGD) for efficient computation on large data
sets. This method provides asymptotically valid confidence intervals in linear Cox PH models.

With the goal to provide a novel framework of DNN-based statistical inference for survival ana
lysis, this paper makes four significant contributions: 

(i) We propose a novel model-free approach for estimating the log conditional hazard function 
and survival function using DNNs without imposing any assumption on its form. As a re
sult, any potential bias resulting from model misspecification can be mitigated. It is worth 
highlighting that we assume a conditional hazard rate function that does not have a baseline 
hazard in contrast to the Cox model, which, to the best of our knowledge, is completely new 
to the literature.

(ii) We establish the nonasymptotic error bound and the functional asymptotic normality of the 
proposed estimator. These results are crucial theoretical foundations for formulating test 
statistics and deriving the asymptotic properties of tests required for hypothesis testing.

(iii) We construct test statistics for one-sample and two-sample tests as well as goodness-of-fit 
tests, and further derive the asymptotic normality of the proposed test statistics. The 
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consistency of the proposed tests is established by analyzing the asymptotic power func
tions. In particular, we develop a new goodness-of-fit test for testing nonparametric Cox 
models. These testing methods are breakthroughs in survival analysis, which bridge statis
tical inferences and deep learning.

(iv) We provide comprehensive examples in simulation studies under the Cox, AFT and AH 
models in comparisons with existing methods and demonstrate the robustness of the pro
posed DNN method.

The remainder of this paper is organized as follows. Section 2 introduces the proposed method
ology with setups for the DNNs and exhaustive details. Section 3 presents the asymptotic error 
bound, and in Section 4 we first establish the functional asymptotic normality and then construct 
the test statistics for hypothesis testing on goodness-of-fit as well as one-sample and two-sample 
tests for conditional hazard functions. Simulation studies and application to the glioma biopsy im
aging dataset are provided in Sections 5 and 6, respectively. Section 7 concludes with some re
marks. A test of nonparametric Cox models and all technical proofs as well as additional 
applications are relegated to the online supplementary material.

2 Methodology
2.1 Deep neural networks
We provide a brief review for the use of a DNN as a function approximator (Goodfellow et al., 
2016). Let L be a positive integer and p = (p0, p1, . . . , pL, pL+1) be a sequence of positive integers. 
An (L + 1)-layer DNN with width p is a composite function g : Rp0 → RpL+1 recursively defined as

g(u) = WLgL(u) + νL,

gL(u) = σ(WL−1gL−1(u) + νL−1), . . . , g1(u) = σ(W0u + ν0),
(1) 

where the matrices Wl ∈ Rpl+1×pl and vectors νl ∈ Rpl+1 (for l = 0, . . . , L) are the parameters of this 
DNN g, and σ is the component-wise activation function, i.e. σ((u1, . . . , upl )

⊤) = (σ(u1), . . . , σ(upl ))
⊤. 

This leads to gl = (gl1, . . . , glpl
)⊤ : Rpl−1 → Rpl for l = 0, . . . , L. The most popular activation func

tion is called the rectified linear unit (ReLU) defined in Nair and Hinton (2010): σ(u) = max {u, 0}.
For the DNN in (1), L is the depth of the network and vector p is the width of each layer, p0 is the 
dimension of the input variables, p1, . . . , pL are the dimensions of the L hidden layers, and pL+1 is 
the dimension of the output layer. The matrix entries (Wl)i,j are the weight linking the jth neuron in 
layer l to the ith neuron in layer l + 1, and the vector entries (νl)i represent a shift term associated 
with the ith neuron in layer l + 1.

Following Schmidt-Hieber (2020), we consider DNNs with all parameters bounded by one. Let 
N+ be the set of all positive natural numbers. Given L ∈ N+ and p ∈ NL+2

+ , we consider a class of 
DNNs:

G(L, p, B) = {g : g is a DNN with (L + 1) layers and width vector p such that

max {‖Wl‖∞, ‖νl‖∞} ≤ 1, for all l = 0, . . . , L, ‖g‖∞ ≤ B},
(2) 

where ‖ · ‖∞ denotes the sup-norm of a matrix, a vector or a function, and B > 1.

2.2 Estimation with survival data
Let T and C denote survival and censoring times respectively for each subject, and let X be a 
p-dimensional covariate vector of interest. In the presence of right censoring, the observed data 
consist of {Zi = (Yi, Δi, Xi); i = 1, . . . , n}, which are independent copies of Z = (Y, Δ, X), with 
Y = min (T, C) and Δ = I(T ≤ C). Assume that T and C are independent conditional on X.

With no baseline hazard, the conditional hazard rate function of T given X = x is directly mod
eled as λ(t|x) = exp {g(t, x)}, where g : [0, τ] × [0, 1]p → R is an unknown function. The condi
tional survival function and density function of T given X = x are respectively given by
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S(t|x) = exp −∫ t
0λ(s|x)ds

􏽮 􏽯
and f (t|x) = λ(t|x) exp −∫ t

0λ(s|x)ds
􏽮 􏽯

.

The log-likelihood function of g based on the observed data Z = {Y, Δ, X} is given by

l(g; Z) = log f (Y|X)ΔS(Y|X)1−Δ
􏽮 􏽯

= Δg(Y, X) − ∫ Y
0 exp {g(s, X)}ds.

Let P and Pn denote the probability measure and empirical measure, respectively. The 
log-likelihood of g based on the observed data is given by ln(g) = Pnl(g; Z). Let G = G(L, p, B) 
with p0 = p + 1 and pL+1 = 1. Let g0 denote the log transformation of the true conditional hazard 
rate function of T given X = x. Define an estimator of g0 by ĝn ∈ argmaxg∈Gln(g).

2.3 Computation
Our proposed approach is implemented using PyTorch as the framework. The maximization of 
the log-likelihood is performed by the Adam optimizer due to its reliability across numerous mod
els and datasets (Kingma & Ba, 2015). The integral in the log-likelihood is evaluated using 
Gaussian quadrature with 100 nodes in all numerical experiments.

For the initial values of the neural network parameters, we adopt the default random initializa
tion method. For simplicity, we use the same number of neurons in all hidden layers. Table 1 in the 
online supplementary material lists the candidate ranges of DNN hyperparameters, including the 
number of hidden layers, the number of neurons per layer, the dropout rate and the learning rate, 
considered in the simulations and data applications.

The maximum number of training epochs is set to 1,000. To further alleviate overfitting during 
the training process, we implement an early stopping strategy. Specifically, if the validation loss 
does not improve to be less than the current minimum for 10 consecutive epochs, training is 
stopped. The DNN parameters corresponding to the epoch with the lowest validation loss are 
then retained (Raskutti et al., 2014). Algorithm 1 of the online supplementary material lists the 
detailed computation procedure of the proposed estimator.

3 Nonasymptotic error bound
To establish the theoretical properties of the proposed DNN estimator ĝn, we assume the true 
function g0 belongs to a Hölder class of smooth functions, which is fairly broad as discussed by 
Schmidt-Hieber (2020), Zhong et al. (2022) and Jiao et al. (2023). Specifically, The ball of 
α-Hölder functions with radius B0 > 0 is define as

Cα
p+1(B0) = g : [0, τ] × [0, 1]p ⊂ Rp+1 → R :

􏼈

􏽘

γ : |γ|<α
‖Dγg‖∞ +

􏽘

γ : |γ|=⌊α⌋
sup
u≠v

|Dγg(u) − Dγg(v)|
|u − v|α−⌊α⌋

∞
≤ B0

􏼩

, 

where ⌊α⌋ is the largest integer strictly smaller than α, Dγg(u) = ∂|γ|g(u)/∂uγ1
1 · · · ∂u

γ p+1

p+1 with γ = 
(γ1, . . . , γ p+1) ∈ Np+1 and |γ| =

􏽐p+1
k=1 γk.

To establish the theoretical properties of the proposed estimator, we need the following regular
ity conditions. 

(C1) The true nonparametric function g0 belongs to F0 = Cα
p+1(B0).

(C2) The covariate X takes values in a bounded subset of Rp with a bounded density function. 
Without loss of generality, we assume X ∈ [0, 1]p.

(C3) The study stops at a finite time τ > 0, and there exists a small positive constant c1 such that 
P(Δ = 1|X) ≥ c1.

Condition (C1) assumes the smoothness of g0, ensuring the existence of all partial derivatives up 
to the ⌊α⌋th order. This condition is common in smoothing techniques for nonparametric infer
ence. Conditions (C2) and (C3) are standard assumptions in traditional survival analysis.
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For any function g ∈ F0, define ‖g‖2 = [E{Δg2(T, X)}]1/2 and for any functions g1, g2 ∈ F0, 
define d(g1, g2) = ‖g1 − g2‖2.

Theorem 3.1 ((Nonasymptotic error bound)). Suppose that conditions (C1)–(C3) hold. 
For any N, M ∈ N+, let G = G(L, p, B) be the function class of ReLU multi- 
layer perceptrons with width ‖p‖∞ = 38(⌊α⌋ + 1)2p⌊α⌋+1

0 N⌊log2 (8N)⌋ and 
depth L = 21(⌊α⌋ + 1)2M⌊log2 (8M)⌋. Let S =

􏽐L
l=0 pl+1(pl + 1) denote the 

size of G, and U = L
􏽑L

l=0 (pl + 1). Then, we have

Ed2(ĝn, g0) ≤ c(B)
S log (nU)

n
+ c0B2

0(⌊α⌋

+ 1)4p2⌊α⌋+(α∨1)
0 (NM)−4⌊α⌋/p0 , (3) 

where c0 is a universal constant, and c(B) is a constant depending on B.

In addition to Conditions (C1)–(C3), Theorem 3.1 requires some neural network structures to 
derive the nonasymptotic error bound. The conditions on the DNN are required for establishing 
the nonasymptotic DNN approximation error bound (Jiao et al., 2023). By suitably choosing M 
and N to balance stochastic and approximation errors, one can attain the optimal convergence 
rate. In particular, we present three different network parameter specifications: 

(i) Choose N = O(( n
log n )

p0
2p0+4⌊α⌋) and let M be a fixed positive constant independent of n. Then 

the depth of G satisfies L = O(1), the width of G satisfies ‖p‖∞ = O
􏼒

n
p0

2p0+4⌊α⌋( log n)
p0+4⌊α⌋

2p0+4⌊α⌋

􏼓

, 

U = O(L‖p‖L+1
∞ ), and the size of G satisfies

S = O L‖p‖2∞
( 􏼁

= O n
p0

p0+2⌊α⌋( log n)
p0+4⌊α⌋
p0+2⌊α⌋

􏼒 􏼓

; 

(ii) Choose M = O
􏼒

( n
log n )

p0
2p0+4⌊α⌋

􏼓

and let N be a fixed positive constant independent of n. Then 

the depth of G satisfies L = O
􏼒

n
p0

2p0+4⌊α⌋( log n)
p0+4⌊α⌋

2p0+4⌊α⌋

􏼓

, the width of G satisfies ‖p‖∞ = O(1), 

U = O(L‖p‖L+1
∞ ), and the size of G satisfies

S = O L‖p‖2∞
( 􏼁

= O n
p0

2p0+4⌊α⌋( log n)
p0+4⌊α⌋

2p0+4⌊α⌋

􏼒 􏼓

; 

(iii) Choose M = O
􏼒

( n
log n )

p0
4(p0+2⌊α⌋)

􏼓

and N = O
􏼒

( n
log n )

p0
4(p0+2⌊α⌋)

􏼓

. Then the depth of G satisfies 

L = O
􏼒

n
p0

4(p0+2⌊α⌋)( log n)
3p0+8⌊α⌋

4(p0+2⌊α⌋)

􏼓

, the width of G satisfies ‖p‖∞ = O
􏼒

n
p0

4(p0+2⌊α⌋)( log n)
3p0+8⌊α⌋

4(p0+2⌊α⌋)

􏼓

, 

U = O(L‖p‖L+1
∞ ), and the size of G satisfies

S = O L‖p‖2∞
( 􏼁

= O n
3p0

4(p0+2⌊α⌋)( log n)
3(3p0+8⌊α⌋)
4(p0+2⌊α⌋)

􏼒 􏼓

.

Consequently, the above three different specifications of the network parameters achieve the 
same convergence rate:

Ed(ĝn, g0) ≤ c(B)
S log (nU)

n
+ c0B2

0(⌊α⌋ + 1)4p2⌊α⌋+(α∨1)
0 (NM)−4⌊α⌋/p0 = O

log n
n

􏼒 􏼓 ⌊α⌋
2⌊α⌋+p0

􏼠 􏼡

.
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4 Asymptotic results
We first establish the asymptotic distribution for the estimator ĝn, and then apply the result to hy
pothesis testing.

4.1 Asymptotic functional normality

Theorem 4.1 ((Asymptotic normality)). Suppose that conditions (C1)–(C3) hold and 
��
n
√

τ2
n = op(1) where τ2

n is the right-hand side of (3). Then, for any h ∈ F0 

with ‖h‖∞ ≤ 1, we have

��
n
√

P ∫ Y
0 h(s, X){ĝn(s, X) − g0(s, X)} exp (g0(s, X))ds

􏽨 􏽩
=

��
n
√

Pnψ(g0; Z)[h]

+ op(1), 

where

ψ(g; Z)[h] = Δh(Y, X) − ∫ Y
0 exp {g(s, X)}h(s, X)ds.

Therefore,
��
n
√

P Δh(Y, X){ĝn(Y, X) − g0(Y, X)}
􏼂 􏼃

=
��
n
√

P ∫ Y
0 h(s, X){ĝn(s, X) − g0(s, X)}eg0(s,X)ds

􏽨 􏽩

converges to a normal distribution with mean zero and variance 
σ2

h = E{ψ2(g0; Z)[h]}.

A key condition in Theorem 4.1 is 
��
n
√

τ2
n = op(1), where τ2

n denotes the nonasymptotic error 
bound. That means the convergence rate of the proposed DNN estimator should be o(n−1/4), 
which is a fundamental requirement for establishing the asymptotic distribution theory of estima
tors. This asymptotic result plays a fundamental role for developing hypothesis testing procedures 
as discussed in the next section.

4.2 Hypothesis testing

4.2.1 One-sample tests
To test the null hypothesis H0 : g = g0, we let ĝn(t, x) be the proposed DNN estimator, and define a 
class of test statistics as

Tw =
��
n
√

Pn ΔWn(Y, X){ĝn(Y, X) − g0(Y, X)}
􏼂 􏼃

, 

where Wn is a weight function.

Theorem 4.2 ((Asymptotic distribution of the test statistic)). Suppose the conditions in 
Theorem 4.1 hold, Wn is a bounded weight process and there exists W ∈ 
F0 with ‖W‖∞ ≤ 1 such that {P(Wn − W)2}1/2 = Op(n−1/4). Then under 
H0, Tw converges to a normal distribution with mean zero and variance 
σ2

w = E{ψ2(g0; Z)[W]}, where σ2
w can be consistently estimated by

σ̂2
w =

1
n

􏽘n

i=1

ΔiWn(Yi, Xi) − ∫ Yi

0 exp {ĝn(s, Xi)}Wn(s, Xi)ds
􏽨 􏽩2

.

For the choice of a weight function, we consider the Fleming Harrington (1991) weight with 
parameters (ρ, γ),

W(ρ,γ)
n (t, x) =

1
n

􏽘n

i=1

I(Yi ≥ t)Ŝn(t, x)ρ(1 − Ŝn(t, x))γ, ρ ≥ 0, γ ≥ 0, 

where Ŝn(t, x) = exp {− ∫ t
0 exp (ĝn(s, x))ds}.
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For a given significance level α, we reject H0 if |Tw/σ̂w| > zα/2 where zα/2 is the 1 − α/2 quantile 
of the standard normal distribution. Define the power function of the test by Γn(g1) = P(|Tw/σ̂w| > 
zα/2|g = g1) under the alternative hypothesis H1 : g = g1.

Theorem 4.3 ((Asymptotic power function of the test)). Consider the alternative hypoth
esis H1 : g = g1 ≠ g0, and let μ = E{ΔW(g1(T, X) − g0(T, X))} ≠ 0 and

σ2 = Var(ψ(g1; Z)[W] + ΔW(T, X)(g1(T, X) − g0(T, X))) > 0.

Then, we have

Γn(g1) = 1 − Φ
σw(g1)zα/2 −

��
n
√

μ
σ

􏼒 􏼓

+ Φ
−σw(g1)zα/2 −

��
n
√

μ
σ

􏼒 􏼓

+ o(1), 

where σ2
w(g1) = E{ψ2(g1; Z)[W]}.

It is easy to see that Γn(g0) = α + o(1), and the above theorem entails the consistency of the test.

4.2.2 Two-sample tests
Consider two samples: Z(k)

i = (Y(k)
i , Δ(k)

i , X(k)
i ) with Y(k)

i = min (T(k)
i , C(k)

i ) and Δ(k)
i = I(T(k)

i ≤ C(k)
i ), 

i = 1, . . . , nk; k = 1, 2. Suppose the conditional hazard rate function of T(k) given X(k) = x is 
λk(t|x) = exp {gk(t, x)}, k = 1, 2.

Our goal is to test whether the conditional hazard rate functions of two groups are identical. The 
null hypothesis is H0 : g1 = g2 = g0. Denote Ok = {Z(k)

i , i = 1, . . . , nk} and O = {Ok, k = 1, 2}. Let 
n = n1 + n2, and rewrite O = {Zi, i = 1, . . . , n} with Zi = (Yi, Δi, Xi), i = 1, . . . , n under the null 
hypothesis. Let ĝk and ĝ0 be the proposed estimators of gk and g0 based on the data Ok from sam
ple k and the pooled data O, respectively. Define a class of test statistics as

Uw =
��
n
√

Pn ΔWn(Y, X){ĝ1(Y, X) − ĝ2(Y, X)}
􏼂 􏼃

, 

where Wn is a weight function.

Theorem 4.4 ((Asymptotic distribution of the test statistic)). Suppose the conditions in 
Theorem 4.2 hold. If n1

n → ξ as n→∞ where 0 < ξ < 1, then under H0, 
Uw converges to a normal distribution with mean zero and variance 
τ2
w = 1

ξ σ2
1,w + 1

1−ξ σ2
2,w = ( 1

ξ + 1
1−ξ )σ2

w, where σ2
k,w = E{ψ2(gk; Z(k))[W]}, 

σ2
w = E{ψ2(g0; Z)[W]}, τ2

w can be consistently estimated by τ̂2
w = n

n1
σ̂2

1,w + 
n
n2

σ̂2
2,w or τ̃2

w = n2

n1n2
σ̂2

w where σ̂2
w and σ̂2

k,w (k = 1, 2) are defined as in 
Theorem 4.2 based on the pooled sample and sample k, respectively.

To derive the asymptotic power function of the test statistic, we use ̂τ2
w rather than ̃τ2

w because the 
asymptotic property of ĝn based on the combined sample is unknown under the alternative hy
pothesis. For a given significance level α, we reject H0 if |Uw/τ̂w| > zα/2. Define the power function 
of the test by Γn(g1, g2) = P(|Uw/τ̂w| > zα/2|g1 ≠ g2).

Theorem 4.5 ((Asymptotic power function of the test)). Consider the alternative hypoth
esis H1 : g1 ≠ g2 with η ≠ 0 where

η = ξE[Δ(1)W(T(1), X(1)){g1(T(1), X(1)) − g2(T(1), X(1))}]

+ (1 − ξ)E[Δ(2)W(T(2), X(2)){g1(T(2), X(2)) − g2(T(2), X(2))}].

For simplicity, assume the censoring times and covariates (C(k), X(k)) for the 
two samples have the same distribution. Let fk(t|x) be the conditional dens
ity function of T(k) given X(k) with M1 ≤ fk(t|x) ≤ M2, (t, x) ∈ [0, τ] × 
[0, 1]p for constants M1 and M2, k = 1, 2. Then, we have
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Γn(g1, g2) = 1 − Φ

���������������������
1
ξ

σ2
1,w +

1
1 − ξ

σ2
2,w

􏽲

zα/2 −
��
n
√

η
��������������������������������������
ξσ2

1,w(g1, g2) + (1 − ξ)σ2
2,w(g1, g2)

􏽱

⎛

⎜
⎜
⎝

⎞

⎟
⎟
⎠

+ Φ
−

���������������������
1
ξ

σ2
1,w +

1
1 − ξ

σ2
2,w

􏽲

zα/2 −
��
n
√

η
��������������������������������������
ξσ2

1,w(g1, g2) + (1 − ξ)σ2
2,w(g1, g2)

􏽱

⎛

⎜
⎜
⎝

⎞

⎟
⎟
⎠ + o(1), 

where

σ2
1,w(g1, g2) = Var ψ(g1; Z(1))[W + ((1 − ξ)/ξ)W11] + φW(g1 − g2; Z(1))

( 􏼁

and

σ2
2,w(g1, g2) = Var ψ(g2; Z(2))[W + (ξ/(1 − ξ))W22] − φW(g1 − g2; Z(2))

( 􏼁

with W11(t, x) = W(t, x){f2(t|x)/f1(t|x)}, W22(t, x) = W(t, x){f1(t|x)/f2(t|x)}, 
and φW(g; Z) = ΔW(Y, X)g(Y, X).

It is easy to see that Γn(g0, g0) = α + o(1), and the above theorem entails the consistency of 
the test.

4.2.3 Goodness-of-fit tests
Consider a hypothesis testing problem,   

H0: T follows model M0  vs.  H1: T does not follow model M0.  
To construct a goodness-of-fit test, we randomly split the sample into two sub-samples with equal 
sample size n1 = n2 = n/2. Denote O = {Δi, Yi, Xi, i = 1, . . . , n} =O1 ∪ O2. Let ĝn(t, x) be the pro
posed DNN estimator of g0(t, x) based on sample O1, and let ĝ0(t, x) be an estimator of g0(t, x) 
under model M0 based on sample O2. Define a class of test statistics as

T̃w =
��
n
√

Pn ΔWn(Y, X){ĝn(Y, X) − ĝ0(Y, X)}
􏼂 􏼃

where Wn is a weight function.

Theorem 4.6 ((Asymptotic distribution of the test statistic)). Suppose the conditions in 
Theorem 4.1 hold, Wn is a bounded weight process and there exists W ∈ 
F0 with ‖W‖∞ ≤ 1 such that {P(Wn − W)2}1/2 = Op(n−1/4). Further, 
assume that ĝ0(t, x) satisfies

��
n
√

Pn ΔWn(Y, X){ĝ0(Y, X) − g0(Y, X)}
􏼂 􏼃

=
��
n
√

Pnϕw(g0; Z) + op(1) 

with Eϕw(g0; Z) = 0. Then under H0, T̃w converges to a normal distribution 
with mean zero and variance σ̃2

w = 2(σ̃2
1,w + σ̃2

2,w), where σ̃2
1,w = 

Eψ2(g0; Z)[W] and σ̃2
2,w = Eϕ2

w(g0; Z) can be consistently estimated by

􏽤̃σ2
1,w =

1
n1

􏽘

Zi∈O1

ψ2(ĝn; Zi)[Wn] and 􏽤̃σ2
2,w =

1
n2

􏽘

Zi∈O2

ϕ2
wn

(ĝ0; Zi).

Let ˆ̃σw denote the corresponding estimator of σ̃2
w, and then we reject H0 if |T̃w/ ˆ̃σw| > zα/2. Define 

the power function of the test by Γn(g1) = P(|T̃w/ ˆ̃σw| > zα/2|g = g1).
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Theorem 4.7 ((Asymptotic power function of the test)). Consider the alternative hypothesis 
H1 : T follows model M1 with g1 ≠ g0 and μ = E{ΔW(T, X)(g1(T, X)− 
g0(T, X))} ≠ 0. Assume the conditions in Theorem 4.6 hold. Then, we have

Γn(g1) = 1 − Φ
σ̃wzα/2 −

��
n
√

μ
σ̃w(g1)

􏼒 􏼓

+ Φ
−σ̃wzα/2 −

��
n
√

μ
σ̃w(g1)

􏼒 􏼓

+ o(1), 

where σ̃2
w(g1) = 2Eψ2(g1; Z)[W] + 2Eϕ2

W(g0; Z) + Var(ΔW(Y, X){g1(Y, X)  
−g0(Y, X)}).

It is easy to see that Γn(g0) = α + o(1), and the above theorem entails the consistency of the test. 
Furthermore, we provide three examples for Theorem 4.6 as detailed in Section C of the online 
supplementary material.

5 Simulation studies
We conduct four simulation studies to evaluate finite sample performance of the proposed estima
tion procedure, the one-sample, two-sample, and goodness-of-fit tests.

5.1 Evaluation of the DNN estimator
Under our simulation settings, we denote the covariates as X = (X1, X2, X3, X4, X5, X6)⊤, where 
X1 ∼ Bernoulli(1/2), X2 ∼ Bernoulli(1/4), and (X3, X4, X5, X6)⊤ were generated from a multi
variate normal distribution with zero mean and a covariance matrix determined by cov(Xj, Xk) = 
1 for j = k and 0.5 for j ≠ k, with each component truncated by [−2, 2] and transformed as 
(Xj + 2)/4 (j = 3, 4, 5, 6), resulting in values within [0, 1]. We generated the survival time T 
from the following seven scenarios, including the Cox proportional hazards model with linear 
and nonlinear covariate components, as well as the Cox model with time-varying coefficients: 

Cox I: λ(t|X) =
�������
t+0.001
√

6 exp (X1 + X2 + X3 + X4/2 + X5/3 + X6/4);

Cox II: λ(t|X) =
�������
t+0.001
√

14 exp [(X1 + X2)2 + log { sin (πX3) + 4X4X5 + exp (X6) + 2}];

Cox III: λ(t|X) = (t + 0.001)1/5 exp [0.5(X1 + X2 + X3 + X4 + X5 + X6) log (t + 0.001)].

For the accelerated failure time (AFT) model, we considered 

AFT I: log (T) = 0.5(X1 − X2 + X3 − X4 + X5 − X6) + ε, with ε ∼ N(0, 1);
AFT II: log (T) = X1 sin (π(X3 + X4)) + exp (X2X4 + X5) − 2 log (X2

5 + 2X6 + 1.5) + ε, with 
ε ∼ N(0, 1).

For the additive hazards (AH) model, we considered 

AH I: λ(t|X) = 0.1(t + 0.001) + 0.5(X1 + X2 + X3 + X4 + X5 + X6);
AH II: λ(t|X) = (t + 0.001) + exp {X1 sin (X3) + X2X4} + log (X2

5 + X6 + 1).

Censoring time C was generated independently from an exponential distribution with mean μ 
and then truncated to the interval [0, τ], with τ = 2. We define the observed time as Y = 
min (T, C) and the censoring indicator as Δ = I(T ≤ C). For Scenarios 1–5, we set μ = 2; for 
Scenario 6 and 7, we set μ = 1 and 0.5, respectively. These parameter values were selected to 
achieve an approximate censoring rate of 50%.

We considered sample sizes of n = 400 and 800, allocating 80% of the data for training and the 
remaining 20% for tuning the hyperparameters. Additionally, we generated N = 500 samples as 
the test set. All performance results were averaged across 200 simulation replicates.

The prediction performance of the DNN estimator was evaluated using the prediction error (PE) 
of the conditional survival function, which measures the average squared difference between the 
predicted and true conditional survival functions,
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PE =
􏽐N

i=1 Δi|S(Yi|Xi) − Ŝ(Yi|Xi)|
􏽐N

i=1 Δi
.

Smaller PE values reflect more accurate estimates.
Graf et al. (1999) proposed a modification to the Brier score to account for censored observa

tions by incorporating inverse probability of censoring weights. The adjusted Brier score (BS) is 
defined as

BS(t) =
1
N

􏽘N

i=1

Ŝ(t ∣ Xi)
2I{Yi ≤ t, Δi = 1}

Ĝ(Yi)
+

1 − Ŝ(t ∣ Xi)
􏼐 􏼑2

I{Yi > t}

Ĝ(t)

⎡

⎢
⎣

⎤

⎥
⎦, 

where Ĝ(t) denotes the Kaplan–Meier estimator of the survival function of censoring time, 
Pr(C > t). To evaluate the Brier score over a time interval rather than at a single time point, the 
integrated Brier score (IBS) is defined by

IBS =
1

t2 − t1
∫ t2

t1
BS(s) ds, 

where t1 = mini=1,...,N Yi and t2 = maxi=1,...,N Yi. In practical applications, this integral can be ap
proximated using numerical methods, with the time range chosen to match the duration of the 
test data. Based on our experiments, we found that reliable results can be obtained by dividing 
the interval into 100 evenly spaced grid points.

To comprehensively evaluate our estimation method, we compared it with 11 alternative ap
proaches, including both traditional survival analysis techniques and contemporary machine 
learning-based methods as follows. 

CoxPH-Partial: Cox proportional hazards model with the partial likelihood approach (Cox, 
1975).

CoxPH-Full: Cox proportional hazards model with the full likelihood approach; see Example 1 
of the online supplementary material.

Cox-Varying: Cox model with time-varying coefficients (Tian et al., 2005).
Lognormal-AFT: Accelerated failure time model with normally distributed errors.
SAFT: Semiparametric accelerated failure time model with the distribution of the error ε unspeci

fied (Ding & Nan, 2011).
AH: Additive hazards model (Lin & Ying, 1994).
Cox-CC: Deep neural network-based proportional Cox model (Kvamme et al., 2019).
Cox-Time: Deep neural network-based non-proportional Cox model (Kvamme et al., 2019).
DeepSurv: Cox proportional hazards deep neural network model (Katzman et al., 2018).
DeepHit: Deep learning-based method specifically designed for survival analysis (Kvamme et al., 

2019; Lee et al., 2018).
RSF: random survival forest, a machine learning-based ensemble method for survival analysis 

that extends random forests to handle censored data (Ishwaran et al., 2008).

For CoxPH-Partial and Lognormal-AFT, the CoxPHFitter and LogNormalAFTFitter func
tions in the lifelines package were used, respectively (Davidson-Pilon, 2019). As the 
CoxPH-Full, Cox-Varying, SAFT, and AH methods all involve basis spline curves, the BSpline 
function from the scipy.interpolate module was utilized. The initial parameter values for all 
components were set to 0.1 and the degree of the B-splines was set to 3. We used B-splines with uni
formly spaced internal knots and the number of internal knots was determined as ⌊n1/4⌋. RSF was 
implemented using the RandomSurvivalForest function from the sksurv.ensemble module. 
The implementation details of four machine learning methods, including Cox-CC, Cox-Time, 
DeepSurv, and DeepHit, are available at https://github.com/havakv/pycox. As shown in 
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Table 1 and Table 3 of the online supplementary material, the prediction errors and the integrated 
Brier scores decrease in all scenarios as sample size increases. When the model assumptions are cor
rect, the corresponding methods naturally achieve the optimal predictive performance. For example, 
under Cox I, both CoxPH-Partial and CoxPH-Full demonstrate good predictive performance, with 
the latter outperforming the former due to the fact that the full likelihood captures more information 
than the partial likelihood. Under AFT I, the Lognormal-AFT method achieves the best performance, 
while under AH I, the AH method performed the best.

In scenarios where the model assumptions are violated, such as in Cox II, Cox III, AFT II, and 
AH II, traditional methods showed poor performance. Among the machine learning-based meth
ods, all methods (including Cox-CC, Cox-Time, DeepSurv, RSF, and our proposed method) ex
cept DeepHit perform well in these seven scenarios. In particular, our method consistently 
outperformed other machine learning-based methods in almost all scenarios. As illustrated in 
Table 4 of the online supplementary material, our method is slightly slower computationally com
pared to other machine learning-based methods, requiring approximately tens of seconds per 
simulation run. Nevertheless, it maintains competitive computational efficiency for practical im
plementation. We further considered cases with 12 and 20 covariates, and the results are also sum
marized in Tables 6–11 of the online supplementary material.

We present the biases, standard deviations, and coverage probabilities of the 95% confidence 
interval of the estimated conditional survival function S(t|X) under Cox II, AFT II and AH II. 
We focused on the performance of the conditional survival function estimator at a finite set of rep
resentative points. Specifically, the time points (0.4, 0.8, 1.2, 1.6) were selected to divide the inter
val [0, τ] into five equally spaced segments. We considered three values of covariate vectors for 
each model, and the specific values are given in the online supplementary material. We chose sam
ple size of 400, where 80% of the data were allocated to the training set and 20% to the validation 
set, and performed 500 replications. We applied the bootstrap method (with 100 resamples) to 
compute the 95% confidence intervals by taking the 0.025 and 0.975 percentiles of the bootstrap 
distribution. Table 5 of the online supplementary material summarizes the results, which demon
strate good performance of the proposed estimators.

Based on our simulation results, we recommend that in practical applications, the proposed 
method performs effectively with a sample size as small as n = 400, provided that the dimension 
of the covariate vector p ≤ 6 and the censoring rate is approximately 50% or lower.

5.2 Evaluation of one-sample test
To evaluate the performance of the one-sample test proposed in Section 4.2.1 with finite samples, 
we considered three data generation scenarios: 

Cox: λ(t|X) =
�������
t+0.001
√

6 exp (X1 + X2 + X3 + X4/2 + X5/3 + X6/4);
AFT: log (T) = (X1 − X2 + X3 + X4 + X5 − X6)/6 + ε, where exp (ε) ∼ Weibull(2, 1);
AH: λ(t|X) = 0.1(t + 0.001) + 0.5(X1 + X2 + X3 + X4 + X5 + X6).

The covariates (X1, . . . , X6) and the censoring time C were generated in the same way as that in 
Section 5.1. For the Cox and AFT scenarios, we set μ = 2, and for the AH scenario, μ = 1. These 
selections were designed to produce an approximate right-censoring rate of 50%, and the sample 
size was set as 800. To obtain optimal hyperparameters for the estimation of g(t, x), we used 80% 
of the data in each simulation as the training samples and 20% as the validation samples. The test 
statistic was calculated using the training data of size n = 640.

For each setup, we calculated the proposed test statistic Tw/σ̂w with weights W(ρ,γ)
n given in 

Section 4.2, which asymptotically follows the standard normal distribution under the null hypoth
esis H0. Here, we considered Cox, AFT, and AH as true models. The QQ-plots, depicted in 
Figure 1, serves to confirm both the asymptotic normality of Tw in Theorem 4.2 and the functional 
normality of the proposed DNN estimator as stated in Theorem 4.1.

Table 12 of the online supplementary material presents the estimated size and power of the pro
posed one-sample test based on 500 simulation runs, along with the corresponding theoretical 
powers. The estimated test sizes are close to 0.05, and both the estimated powers and theoretical 
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powers are 1 for all scenarios considered. This result suggests that the asymptotic normality of the 
proposed test is valid and demonstrates strong power.

5.3 Evaluation of two-sample test
To assess the finite-sample performance of the two-sample test proposed in Section 4.2.2, we in
vestigated two distinct scenarios: one where the conditional survival functions of the two groups 
do not cross, and the other where they cross (Zeng & Lin, 2007).

First, we present the model specifications and data generation scenarios for the non-crossing 
cases under the three models: 

Cox: λ(t|X) =
t + 0.001

3
exp (X1 + X2/2 + X3/3 + X4/4 + X5/5 + X6/6);

AFT: log (T) = 0.1(X1 + X2 + X3 + X4 + X5 + X6) + ε, where exp (ε) ∼ Weibull(2, 1);
AH: λ(t|X) = 0.05(t + 0.001) + 0.4(X1 + X2 + X3 + X4 + X5 + X6).

The covariates (X1, . . . , X6) and the censoring time C were generated in the same way as that in 
Section 5.1. For the Cox and AFT scenarios, we set μ = 2, and for the AH scenario, μ = 1. These 
selections yielded a right-censoring rate of approximately 50%. Under each setup, we generated 
two datasets: one based on g1(t, x) = log (λ(t|x)), while the other based on g2(t, x) = log (λ(t|x)) + c 

Table 1. Integrated brier scores of 12 methods based on 200 repetitions on the test set with 500 samples across 
seven different scenarios with sample sizes of n = 400 and 800 respectively

Data Generation Scenarios

n Method Cox I Cox II Cox III AFT I AFT II AH I AH II

400 Proposed 0.1595 0.1509 0.1429 0.1797 0.1715 0.1567 0.1321

CoxPH-Partial 0.1576 0.1539 0.1437 0.1755 0.1769 0.1558 0.1352

CoxPH-Full 0.1575 0.1545 0.1436 0.1755 0.1770 0.1556 0.1349

Cox-Varying 0.1595 0.1520 0.1483 0.1792 0.1799 0.1590 0.1378

Cox-CC 0.1602 0.1526 0.1433 0.1811 0.1741 0.1565 0.1334

Cox-Time 0.1600 0.1523 0.1432 0.1805 0.1745 0.1562 0.1334

DeepSurv 0.1605 0.1531 0.1435 0.1807 0.1717 0.1569 0.1341

DeepHit 0.1823 0.1799 0.1515 0.2027 0.2087 0.1758 0.1606

RSF 0.1620 0.1580 0.1440 0.1809 0.1768 0.1572 0.1357

Lognormal-AFT 0.1580 0.1531 0.1443 0.1747 0.1762 0.1600 0.1417

SAFT 0.1663 0.1611 0.1535 0.1761 0.1766 0.1562 0.1367

AH 0.1613 0.1574 0.1572 0.1825 0.1901 0.1550 0.1351

800 Proposed 0.1573 0.1491 0.1416 0.1767 0.1646 0.1548 0.1315

CoxPH-Partial 0.1563 0.1528 0.1422 0.1735 0.1752 0.1541 0.1334

CoxPH-Full 0.1562 0.1532 0.1420 0.1736 0.1753 0.1540 0.1334

Cox-Varying 0.1571 0.1493 0.1442 0.1756 0.1765 0.1557 0.1344

Cox-CC 0.1587 0.1508 0.1425 0.1786 0.1672 0.1551 0.1324

Cox-Time 0.1579 0.1504 0.1424 0.1777 0.1672 0.1549 0.1323

DeepSurv 0.1580 0.1503 0.1424 0.1780 0.1660 0.1548 0.1322

DeepHit 0.1793 0.1760 0.1475 0.2014 0.2054 0.1651 0.1442

RSF 0.1591 0.1531 0.1434 0.1783 0.1707 0.1561 0.1350

Lognormal-AFT 0.1566 0.1519 0.1428 0.1729 0.1748 0.1586 0.1402

SAFT 0.1642 0.1597 0.1472 0.1735 0.1749 0.1543 0.1346

AH 0.1595 0.1563 0.1547 0.1824 0.1913 0.1529 0.1330
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for the three models, where the constant c represents the deviation from the null. We obtained 
the size of the test by setting c = 0 and the power of the test by setting c = 0.125, 0.25, 0.5, 
respectively.

Subsequently, we present a simulation study to investigate the performance of the proposed 
two-sample test when two conditional survival functions cross. We considered three models 
and generated two datasets from two cases of each model:

Cox : λ1(t|X) =
t + 0.001

3
exp (X1 + X2/2 + X3/3 + X4/4 + X5/5 + X6/6),

λ2(t|X) =
(t + 0.001)2

3
exp (X1 + X2/2 + X3/3 + X4/4 + X5/5 + X6/6);

AFT : log (T) = 0.1(X1 − 2X2 + X3 − X4 + X5 + 2X6) + ε1, exp (ε1) ∼ Weibull(2, 1),

log (T) = 0.1(X1 − 2X2 + X3 − X4 + X5 + 2X6) + ε2, exp (ε2) ∼ Weibull(1.5, 1);

AH : λ1(t|X) = 0.3 + 0.2(X1 + X2 + X3 + X4 + X5 + X6),

λ2(t|X) = 0.5(t + 0.001) + 0.2(X1 + X2 + X3 + X4 + X5 + X6).

The covariates (X1, . . . , X6) and the censoring time C were generated in the same way as that in 
Section 5.1. For the Cox scenario, we set μ = 2, and for the AFT and AH scenarios, μ = 1.5. These 
choices produced a right-censoring rate of approximately 50%. For each model, we randomly gen
erated two covariate vectors and plotted the corresponding conditional survival functions, which 
cross as shown in Figure 4 of the online supplementary material.

For each replication, we generated two independent datasets of sample size n = 800. To obtain 
the optimal hyperparameters for the estimation of g1(t, x) and g2(t, x), we allocated 80% of the 

Figure 1. QQ-Plots under three models (Cox, AFT and AH) with four weight configurations.
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simulated data for training and 20% for validation in each simulation run. The test statistic was 
only computed using the training data, for which the sample sizes n1 and n2 were both set to 640.

According to the theoretical result in Theorem 4.3, we calculated Uw/τ̂w and the proportion of 
rejecting H0 : g1 = g2 over 500 simulation runs. Table 2 summarizes the estimated sizes and powers 
of the two-sample test for the non-crossing cases, the estimated power for the crossing cases, and 
the theoretical powers across all scenarios. In all cases, our estimated powers were close to the the
oretical ones, indicating that our two-sample test method is effective. In the non-crossing cases, 
when the data were generated according to H0, the rejection rate was around 0.05; on the con
trary, the rejection rate gradually increased when g1(t, x) and g2(t, x) differed further away and 
the powers corresponding to the four weights were very close. In the case of crossing conditional 
survival functions, the powers corresponding to the four different weights varied across the set
tings due to the effect of the crossing. Among these, the weight W(1,0)

n (t, x) consistently yielded 
the highest power, which is recommended for use in practice.

5.4 Evaluation of goodness-of-fit test
To evaluate the performance of the goodness-of-fit (GoF) test proposed in Sections 4.2.3 with fi
nite samples, we consider data generated from two Cox models and four non-Cox models: 

Cox I: λ(T|X) =
��������
T+0.001
√

6 exp (X1 + X2 + X3 + X4/2 + X5/3 + X6/4);

Cox II: λ(T|X) =
��������
T+0.001
√

14 exp [X1 + 2X2 sin (πX3) + log {4X4X5 + exp (X6) + 3}];
AFT I: log (T) = 0.25(X1 − X2 + X3 − X4 + X5 − X6) + ε, ε ∼ N(0, 1);
AFT II: log (T) = 2X1 sin (πX3) + exp (X2X4 + X5) − 2 log (X5 + X6 + 2) + ε, ε ∼ N(0, 1);
AH I: λ(T|X) = 2(T + 0.001) + 0.25(X1 + X2 + X3 + X4 + X5 + X6);
AH II: λ(T|X) = 0.5(T + 0.001) + 0.5(X1 + X2) + cos (π(X3 + X4)) + sin (π(X5 + X6)/2).

Under each setup, we test ‘H0: The Cox model is true’ against ‘H1: The Cox model is not true’. 
The covariates (X1, . . . , X6) and the censoring time C were generated in the same way as in Section 
5.1. For the first four models, μ = 2 was selected; for AH I and AH II, μ = 0.5 was chosen. These 
selections yielded an approximate right-censoring rate of 50%, and the sample size was set as 
1600. We considered four GoF tests: 

GoF test I: The Grambsch–Therneau test that evaluates the proportional hazards assumption; see 
Grambsch and Therneau (1994).

GoF test II: The overall goodness-of-fit test for the Cox proportional hazards model; see May and 
Hosmer (1998).

GoF test III: The DNN-based test given by Theorem 4.6 and Example C.1 (online supplementary 
material).

GoF test IV: The DNN-based test given by Theorem 4.6 and Theorem 5.2, online supplementary 
material.

In each simulation run, we randomly partitioned the sample into two subsets of equal sample 
size (n = 800). For GoF test III, subset 1 was used to estimate g(t, x), while subset 2 was used to 
fit the linear Cox model. For GoF test IV, subset 1 was used to estimate ĝn(t, x), and subset 2 
was used to fit the nonparametric Cox model. We adopted an 80%–20% training–validation split 
for DNN-based models.

The GoF tests III and IV involve estimation of the baseline hazard function. We used a B-spline 
function with uniformly spaced internal knots to estimate the baseline hazard function. The num
ber of internal knots was chosen as ⌊n1/4⌋, initial parameter values of all components were set to 
0.1, and the degree of the B-spline function was set to 3.

Table 3 reports the estimated size and power of each GoF test over 500 simulation runs. While 
GoF tests I and II could produce reasonable test sizes close to 5%, the power values of these meth
ods were small when data were generated from other survival models, suggesting that traditional 
methods might not be ideal in identifying suitable models. GoF test III also yielded similar test size 
and power except for the case with data generated under Cox II. This indicates that GoF test III can 
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differentiate linear Cox models from other survival models, including nonlinear Cox models. The 
test sizes of our proposed GoF test IV were close to 5% when data were generated from Cox mod
els I or II, while the tests possessed good powers when data were not generated from Cox models. 
This indicates that GoF test IV is able to differentiate Cox models from other survival models.

6 Application to medical imaging data
We applied the proposed method to a medical imaging dataset from The Cancer Genome Atlas 
(TCGA) project. It was established to create a collaborative research network dedicated to the 
comprehensive characterization of molecular events in primary cancers, with the mission of mak
ing this information publicly accessible to the global research community. Launched in 2006, the 
initiative began with a three-year pilot phase targeting glioblastoma (GBM), lung squamous cell 
carcinoma, and severe ovarian cystadenocarcinoma. Following this, TCGA expanded into full- 
scale operations from 2009 to 2015. Over the course of this decade-long project, the TCGA net
work successfully mapped the molecular atlases of tumors from 11,160 patients encompassing 33 
cancer types, while also defining their distinct molecular subtypes (Liu et al., 2018). As docu
mented in the TCGA Pan-Cancer Clinical Data Resource (TCGA-CDR), tumor specimens were 
acquired from 161 tissue source sites worldwide.

The TCGA-CDR analysis reports an overall median follow-up of 22.1 months, with significant 
variation observed across different cancer types. Specifically, the median follow-up times were re
corded as 22.1 months for lower-grade glioma (LGG) and 12.0 months for GBM (Liu et al., 2018, 
Table 2). A comprehensive overview of the demographics, grades, survival, and molecular sub
types is detailed in Table S1 of Mobadersany et al. (2018).

For the analysis, we considered a database of magnified tissue-biopsy slides from 769 patients 
with brain tumors from TCGA-LGG and TCGA-GBM projects, along with their observed overall 
survival times (in days). The dataset was retrieved from the TCGA database and can be accessed 

Table 2. Estimated and theoretical sizes and powers of the two-sample test for non-crossing and crossing survival 
cases (theoretical values in parentheses)

Non-crossing survival cases

Data Model c W (0,0)
n W (1,0)

n W (0.5,0.5)
n W (1,1)

n

Cox 0 0.046 (0.050) 0.040 (0.050) 0.044 (0.050) 0.052 (0.050)

0.125 0.284 (0.278) 0.278 (0.257) 0.256 (0.268) 0.232 (0.242)

0.25 0.848 (0.820) 0.798 (0.781) 0.818 (0.801) 0.754 (0.753)

0.5 1.000 (1.000) 1.000 (1.000) 1.000 (1.000) 1.000 (1.000)

AFT 0 0.056 (0.050) 0.066 (0.050) 0.060 (0.050) 0.064 (0.050)

0.125 0.290 (0.281) 0.270 (0.262) 0.258 (0.277) 0.234 (0.253)

0.25 0.828 (0.825) 0.758 (0.791) 0.832 (0.817) 0.804 (0.778)

0.5 1.000 (1.000) 0.998 (1.000) 1.000 (1.000) 1.000 (1.000)

AH 0 0.054 (0.050) 0.042 (0.050) 0.064 (0.050) 0.066 (0.050)

0.125 0.296 (0.284) 0.286 (0.253) 0.290 (0.280) 0.264 (0.266)

0.25 0.816 (0.815) 0.784 (0.765) 0.806 (0.801) 0.770 (0.789)

0.5 1.000 (1.000) 0.998 (1.000) 0.998 (1.000) 0.998 (1.000)

Crossing survival cases

Data Model W (0,0)
n W (1,0)

n W (0.5,0.5)
n W (1,1)

n

Cox 0.990 (0.996) 0.998 (0.997) 0.958 (0.973) 0.890 (0.879)

AFT 0.614 (0.699) 0.802 (0.833) 0.176 (0.154) 0.042 (0.057)

AH 0.444 (0.478) 0.508 (0.568) 0.324 (0.291) 0.228 (0.176)
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via https://github.com/PathologyDataScience/SCNN. One patient had a survival time of 0 days 
and was therefore excluded from the analysis. In our analysis, we randomly selected one region 
of interest (ROI) for each patient (n = 768 ROIs). The survival time (T) of interest refers to the 

Table 3. Test sizes and powers of the four goodness-of-fit (GoF) tests

Tests

Data Model GoF I GoF II GoF III GoF IV

Cox I 0.066 0.058 0.060 0.060

Cox II 0.436 0.222 0.480 0.064

AFT I 0.254 0.044 0.288 0.368

AFT II 0.654 0.626 0.674 0.872

AH I 0.294 0.084 0.342 0.330

AH II 0.098 0.432 0.868 0.828

Figure 2. Examples of histological ROIs with survival times and vital status of four subjects: (1) 612 days 
(deceased); (2) 1,120 days (alive); (3) 1,161 days (deceased); (4) 2,602 days (alive).
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time elapsed from the enrollment of a patient with glioma to death. In contrast, censoring time (C) 
measures the period from enrollment to the last follow-up of patients who are still alive. The cen
soring rate was 49.5%. The summary statistics of censoring times for alive patients and survival 
times for deceased patients (in days) are presented in Table 13 of the online supplementary 
material. Figure 2 presents four ROIs from different patients with survival times and vital status 
as follows: 612 days (deceased), 1024 days (alive), 1161 days (deceased), and 2602 days (alive).

We conducted image preprocessing and feature screening, as our model operates on pre- 
extracted features presented in a tabular format, rather than employing end-to-end processing 
of raw, unstructured data. This approach aligns with methodologies reported in previous studies 
(e.g. Mobadersany et al., 2018; Morrison et al., 2024). A commonly used pre-trained network is 
VGG16 Simonyan & Zisserman, 2014, which a convolutional neural network trained on exten
sively augmented natural images that improves accuracy by increasing depth through multiple 
small (3 × 3) convolutional layers. We used VGG16 with pre-trained weights to extract features 
from histological ROI images. We removed the last three fully connected layers and passed images 
through the convolutional stack with fixed pre-trained weights. Given a 1024 × 1024 RGB ROI 
image, VGG16 produced a 32 × 32 × 512 feature tensor, which, after flattening, yielded 
524,288 features per participant. To handle the high-dimensional input (the feature dimension 
far exceeds the sample size), we applied the quantile adaptive sure independence screening 
(QaSIS, He et al., 2013) at the 0.5 quantile to perform nonlinear variable screening, and retain 
the top 20 features to balance statistical stability and computational tractability in a modest sam
ple with substantial censoring. In addition to the 20 variables extracted from the image features, 
gender and age at diagnosis were collected for 736 out of 768 patients. Below, we analyze the sub
set of 736 patients with available data—treating the above 22 variables as covariates—with a cen
soring rate of 47.6%.

First, we compared the proposed DNN with Gaussian quadrature (Proposed (GQ)) and with 
adaptive Gaussian quadrature (Proposed (AGQ)) against the 11 methods in Section 6.1 using 
the IBS metric. We randomly divided the data into training/validation/testing sets at ratios of 
60/15/25. As shown in Table 4, machine learning methods generally yield lower IBS than trad
itional survival models. Within the machine learning methods, our proposed approach performs 
best, with Proposed (GQ) delivering the strongest predictive performance. The subsequent data 
analysis thus focuses on the Proposed (GQ) method.

We used the proposed goodness-of-fit test to assess the nonparametric Cox, traditional Cox, 
AFT, and AH models. All tests returned p-values <0.001, strongly suggesting that none of these 
models is suitable for this dataset. Furthermore, to test whether there are differences in the condi
tional hazard function between the male and female groups, we applied the two-sample test from 
Section 6.3 with four weighting schemes. The corresponding p-values were 0.39, 0.40, 0.37, and 
0.38, indicating no significant difference in the conditional hazard function between the male and 
female groups.

Table 4. Integrated brier score (IBS) and computation time (in seconds) for 13 methods applied to the TCGA dataset. 
Proposed (GQ) denotes the proposed method with Gaussian quadrature, while proposed (AGQ) refers to the 
proposed method with adaptive Gaussian quadrature

Traditional survival methods

CoxPH-Partial CoxPH-Full Cox-Varying Lognormal-AFT SAFT AH

IBS 0.1323 0.1332 0.1239 0.1248 0.1368 0.1354

Time 0.05 39.48 6.00 0.30 1.89 4.65

Machine learning-based methods

Proposed (GQ) Proposed (AGQ) Cox-CC Cox-Time DeepSurv DeepHit RSF

IBS 0.1137 0.1151 0.1168 0.1195 0.1153 0.1232 0.1190

Time 8.23 37.50 0.34 0.77 0.25 0.39 0.86
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To assess sensitivity, we further evaluated the performance of the proposed method using the 
top 10, 30, and 50 features, respectively. Age and sex are appended, yielding the dimension of co
variates as 12, 32, and 52, as shown in Table 14 of the online supplementary material. The results 
demonstrate that our method is stable and consistently outperforms competing methods in terms 
of IBS across different feature dimensions.

We emphasize that VGG16 feature extraction and QaSIS screening are preprocessing steps ex
ternal to the proposed likelihood-based hazard estimator. The proposed DNN approach is applied 
to the resulting covariate vector. In other words, this application demonstrates survival modeling 
using image-derived tabular features, rather than an end-to-end pixel-to-hazard model. 
End-to-end training would require jointly learning the image encoder and the hazard model and 
developing corresponding theory for the composed estimator, which warrants further 
development.

7 Conclusion
Motivated by recent developments in deep learning, we proposed a novel nonparametric inference 
approach for the conditional hazard function using DNNs. In particular, we considered a hazard 
function without a baseline and hence do not require any structural or functional assumptions on 
the conditional hazard or distribution function of survival time. Such a versatile setup renders 
enormous flexibility to the model and mitigates spurious results arising from model misspecifica
tion. We have rigorously investigated the asymptotic properties of the proposed estimator and es
tablished the nonasymptotic error bound, consistency, convergence rate and functional 
asymptotic normality. Subsequently, we have developed nonparametric tests to make inference 
on conditional hazard functions for evaluating goodness-of-fit and conducting treatment compari
son. The proposed methods show good performances consistently across all simulated scenarios 
with various underlying models such as the Cox, AFT, and AH models. Specifically, in the pres
ence of nonlinearity in the hazard functions, the proposed DNN approach yields superior per
formance to the traditional modeling approaches. To improve the power of the proposed 
one-sample and two-sample tests, motivated by Yang and Prentice (2010), Lin et al. (2020) and 
Roychoudhury et al. (2023), we may consider the robust maxCombo test based on the 
Harrington and Fleming (1982) weight.
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